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SUMS OF LINKED IDEALS 

BERND ULRICH 

ABSTRACT. It is shown that the sum of two geometrically linked ideals in the 
linkage class of a complete intersection is again an ideal in the linkage class 
of a complete intersection. Conversely, every Gorenstein ideal (of height at 
least two) in the linkage class of a complete intersection can be obtained as a 
"generalized localization" of a sum of two geometrically linked ideals in the 
linkage class of a complete intersection. We also investigate sums of doubly 
linked Gorenstein ideals. As an application, we construct a perfect prime ideal 
which is strongly non obstructed, but not strongly Cohen-Macaulay, and a perfect 
prime ideal which is not strongly nonobstructed, but whose entire linkage class 
is strongly Cohen-Macaulay. 

INTRODUCTION 

Let X and Y be two projective varieties of codimension g that have no 
common components and no embedded components. Then X and Yare geo-
metrically linked if the scheme theoretic union Xu Y is a complete intersection 
[28]. In this paper now, we are mainly interested in the structure of the scheme 
theoretic intersection X n Y of the two linked varieties X and Y. 

More generally, two ideals I and J in a local Gorenstein ring R are said 
to be linked (write I ~ J) if there is an R-regular sequence 0: = Cl: 1 ' '" ,Cl:g 

contained in In J such that J = (0:) : I and I = (0:) : J [28]. If moreover 
I and J have no minimal primes in common, then the link I ~ J is called 
geometric [28]. We say that an ideal I is licci (in the linkage class of a complete 
intersection) if there is a sequence of links I ~ II ~ ... ~ In with In a 
complete intersection (standard examples of licci ideals include perfect ideals 
of grade two, [2], [8], and perfect Gorenstein ideals of grade three, [35]). Peskine 
and Szpiro have shown that if I and J are two geometrically linked Cohen-
Macaulay ideals of grade g, then I + J is a Gorenstein ideal of grade g + 1 
[28], thus providing a way to construct Gorenstein ideals from Cohen-Macaulay 
ideals of smaller grade. It seems natural to ask which properties are preserved 
under this construction, as we pass from I or J to I + J. We are mainly 
interested in the property of being licci, partly because other than linkage, only 
very few methods are known of obtaining new licci ideals from given ones. 
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Now let R be a local Gorenstein ring with infinite residue class field. We 
are going to show that the sum of two geometrically linked licci R-ideals is 
indeed a licci (Gorenstein) ideal (Theorem 2.1). As a partial converse we prove 
that every licci Gorenstein R-ideal (of grade at least two) can be obtained as 
a generalized localization of a sum of two geometrically linked licci R-ideals 
(Theorem 2.17). Here "generalized localizaton" is a technical notion comprising 
localization, deformation, specialization, and purely transcendental changes of 
the residue class field (Definition 1.8). This notion cannot be deleted in the 
statement of Theorem 2.17, since there exist licci Gorenstein ideal which are 
not equal to a sum of two geometrically linked licci ideals (Proposition 2.5, 
Corollary 2.7, Example 2.8). Combining Theorems 2.1 and 2.17, we eventually 
obtain the following characterization: Let K be an R-ideal of grade at least two, 
then K is a licci Gorenstein ideal if and only if K is a generalized localization 
of the sum of two geometrically linked licci R-ideals (Corollary 2.28). To prove 
these results, we repeatedly modify the links in question by using the notion of 
generalized localization, and eventually reduce the claim to the case, where 
the ideals have grade one or two and the problem can be solved by explicit 
computation. These proofs can be found in the second section of the paper, 
whereas the necessary background information about generalized localization is 
developed in the first section. 

In the third section, we deal with the question of how depth conditions on the 
Koszul homology and the twisted conormal module pass to the sum of geomet-
rically linked ideals (Corollary 3.10, Theorem 3.11). To answer this question, 
we need another result which might be of independent interest (Theorem 3.1, 
Corollaries 3.4 and 3.5): Let I and J be two Cohen-Macaulay ideals which are 
linked in an odd number of steps, then the depth of the first Koszul homology 
of I equals the depth of the second symmetric power of the canonical module 
of R / J (whereas by Huneke, [13], the depths of the first Koszul homologies of 
I and J coincide, in case I and J are linked in an even number of steps). 

In the fourth section, we turn our attention to the sum of ideals which are 
linked in two steps. Let 10 ~ II ~ 12 be a double link where now 10 and 12 are 
Gorenstein R-ideals of grade g. We further assume that (R '/0) and (R '/2) 
have no common deformation (cf. Definition 1.7). In this situation, we show 
that 10 ~ II ~ 12 is a tight double link in the sense of Kustin and Miller ([24], 
cf. Definition 1.5) (Proposition 2.16), and that the "generic" grade of the sum 
10 + 12 is g + 2 (Lemma 4.1, Remark 4.2). Thus it is natural to suppose that 
10 + 12 has grade at least g + 2 , and with this assumption, we show that 10 + 12 
is a Cohen-Macaulay ideal of grade g + 2 provided the first Koszul homology 
of.lo is Cohen-Macaulay (Theorem 4.3). 

In the fifth section, we use the results of the preceding two sections to con-
struct two examples. Recall that an ideal I is called strongly Cohen-Macaulay 
if all the Koszul homology modules of I are Cohen-Macaulay, and strongly 
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nonobstructed if I tensored with the canonical module of R/ I is a Cohen-
Macaulay module (for the significance of these notions in the study of blowing-
up rings, residual intersections, and deformations, cf. [S], [10], [12], [14], [16], 
[21], [30], [31)). Huneke has shown that the strong Cohen-Macaulayness is 
preserved under even linkage ([13], [1S)), and Buchweitz has proved that the 
property of being strongly nonobstructed passes through any number of links 
([S], cf. also [6)). In particular, if I is licci, then the entire linkage class of 
I is strongly Cohen-Macaulay and I is strongly nonobstructed. Now in the 
last section of this paper, we consider a sum of two doubly linked Gorenstein 
ideals to construct a perfect prime ideal (generated by a d-sequence) which 
is not strongly nonobstructed, but whose entire linkage class is strongly Cohen-
Macaulay. Conversely, we essentially take a sum of two geometrically linked per-
fect ideals to obtain a Gorenstein prime ideal which is strongly nonobstructed, 
but not strongly Cohen-Macaulay (Theorem S.3). By the results of Buchweitz 
and Huneke, the two ideals cannot be licci, thus demonstrating that neither the 
strong Cohen-Macaulayness of the entire linkage class nor the strong nonob-
structedness of the ideal suffice to characterize licci ideals. 

1. LINKAGE AND GENERALIZED LOCALIZATION 

In this section we fix the notation that will be used throughout the paper 
and list some general results concerning linkage. We also introduce the notion 
of generalized localization and derive its basic properties, which will play an 
important role in the next section. 

In this paper, "ideal" will always mean proper ideal. Let (R, m) be a Noethe-
rian local ring, let I be an R-ideal, and let M be a finitely generated R-module. 
Then /(M) denotes the length of M, v(M) is the minimal number of genera-
tors of M, M satisfies Serre's condition (Sk) if depthMp ~ min{k, dimRp} 
for all p E Spec(R), and we say that M has a rank and that this rank is 
n if Mp ~ EBn Rp for all P E Ass(R). By Sn(M) we denote the nth sym-
metric power of M. The grade of I, grade I, is the maximal length of an 
R-regular sequence inside I, and the deviation of I, d(I), is the difference 
v (I)-grade I. The ideal I is called unmixed if all associated primes of I have 
the same height in R, and I is a complete intersection (almost complete in-
tersection) if d(I) = 0 (d(I) ~ I respectively). We will often say that I is 
Cohen-Macaulay or Gorenstein, by which we mean that the ring R/ I has any 
of these properties. An ideal in a local Cohen-Macaulay ring is called perfect 
if it is Cohen-Macaulay and has finite projective dimension. Further we define 
V(I) = {p E Spec(R)JI c p}, NC/(I) = {p E V(I)Jlp not a complete intersec-
tion} , and NG(R) = {p E Spec(R)JRp not Gorenstein}. The ideal I satisfies 
(Clk) if dim(R/I)p > k for every p E NCI(I) , I is generically a complete 
intersection if I is unmixed and (C 10 ) , and the ring R satisfies Serre's condi-
tion (Rk ) if Rp is regular for all p E Spec(R) with dimRp ~ k. By w R we 
denote the canonical module of R (in case it exists), and r(R) is the type of R 
(in case R is Cohen-Macaulay). Of course, r(R) = v(wR ). If X is a finite set 



4 BERND ULRICH 

of variables, we write R(X) = R[X](m) . By I/ x/ we denote the t by t identity 
matrix, and for a matrix A with entries in R, I/A) is the R-ideal generated 
by all t by t minors of A. 

Definition 1.1 [28]. Let 1 and J be two ideals in a (not necessarily local) 
Gorenstein ring R. 

(a) 1 and J are said to be linked (with respect to 0) (write 1 ~ J) if there 
exists an R-regular sequence 0 = O!l' •.. 'O!g in 1 n J such that J = (0) : 1 
and 1 = (0) : J . 

(b) 1 and J are said to be geometrically linked if 1 and J are linked and 
if in addition Ass(R/ I) n Ass(R/ J) = 0. 

Notice that in the above definition, 1 and J are not allowed to be unit 
ideals, and that 1 and J are automatically unmixed ideals of the same grade 
g. Moreover, 1 and J are geometrically linked if and only if 1 and J are 
linked and grade (I + J) 2: g + 1 . In this case, 1 n J = (0) [28]. 

Proposition 1.2 [28]. Let R be a (not necessarily local) Gorenstein ring, let I 
be an unmixed R-ideal of grade g, let 0 = O!l ' ... 'O!g be a regular sequence 
contained in 1 with (0) =1= I, and set J = (0) : I. Then 

(a) 1 = (0) : J (i.e., 1 and J are linked). 
(b) 1 is Cohen-Macaulay if and only if J is Cohen-Macaulay. 
(c) Let in addition R be local and assume that 1 is Cohen-Macaulay. Then 

cuR/] ~ 1/(0) and CU R/ l ~ J/(o). In particular, r(RfJ) = v(I/(o)) 
and r(R/I) = v(J/(o)). 

It is immediate from Proposition 1.2(c) that if 1 is Gorenstein, then J 
is an almost complete intersection. Conversely, if J is an almost complete 
intersection, but not a complete intersection, then 1 is Gorenstein if and only 
if 0 = O! 1 ' ... ,O! g form part of a minimal generating set of J . 

Proposition 1.3 [28]. Let R be a local Gorenstein ring, let 1 and J be two 
geometrically linked Cohen-Macaulay ideals of grade g, and set K = 1 + J. 

Then K is a Gorenstein ideal of grade g + 1 . 

The ideal K from the above proposition is clearly the preimage in R of a 
canonical ideal of R/I, because 

K /1 = 1 + J / 1 ~ J /1 n J ~ J / (0) ~ cu R/ l 

(cf. Proposition 1.2(c)). Proposition 1.3 also provides a natural way of con-
structing Gorenstein ideals from Cohen-Macaulay ideals of smaller grade. We 
are going to address the question of which Gorenstein ideals K actually arise 
in this way as a sum of two geometrically linked Cohen-Macaulay ideals 1 and 
J , and which properties of 1 or J are preserved as we pass to K = 1 + J . 
We are particularly interested in the property of being in the linkage class of a 
complete intersection: 
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Definition 1.4. Let I be an ideal in a local Gorenstein ring R. 
(a) I is said to be in the linkage class of an R-ideal J if there is a sequence 

of links in R, 1=10 ~ II ~ ... ~ In = J. If n is even (odd) then I is in the 
even (odd) linkage class of J, and if n = 2 then I and J are doubly linked. 

(b) I is called lied if it is in the linkage class of a complete intersection ideal. 

It follows from Proposition 1.2(b) that licci ideals are automatically Cohen-
Macaulay. Before we proceed, several more definitions are needed. 

Definition 1.5 [24]. Let R be a local Gorenstein ring, and let 10 ~ II ~ 12 be 
a sequence of links in R, where 10 and 12 are Gorenstein R-ideals of grade 
g > O. Then 10 ~ II ~ 12 is called a tight double link, if there are elements 
p, (), a = D:I ' ... ,D:g _ I in R, such that a, P is an R-regular sequence defining 
the link 10 ~ II' a, () is an R-regular sequence defining the link II ~ 12 ' and 
II =(a,p,()). 

Definition 1.6 [18]. Let (R, I) and (S, J) be pairs, where R, S are Noetherian 
rings, and I c R, J c S are ideals or I = R or J = S . 

(a) We say that (R, I) and (S, J) are isomorphic, and write (R, I) ~ 
(S, J), if there is an isomorphism ¢: R -+ S with ¢(I) = J. 

(b) We say that (R, I) and (S, J) are equivalent, and write (R, I) 
(S, J), if there are finite sets of indeterminates X over Rand Z 
over S such that (R[X], I R[X]) ~ (S[Z], J S[Z]) . 

(c) In addition assume that Rand S are local. We say that (R,I) and 
(S, J) are generically equivalent, and write (R, I) ~ (S, J), if there 
are finite sets of indeterminates X over Rand Z over S such that 
(R(X) ,IR(X)) == (S(Z) , JS(Z)). 

Definition 1.7 [18]. Let (R,I) and (S, J) be pairs as in Definition 1.6(c). 
(a) We say that (S, J) is a deformation of (R, I) (or equivalently, (R, I) 

is a specialization of (S, J)) (with respect to a), if there is a sequence 
a C S, a = (aI' ... ,an) , which is regular on Sand Sj J such that 
(Sj(a) , (J + a)j(a)) ~ (R,I). 

(b) We say that (S, J) is essentially a deformation of (R, I), if there is 
a sequence of pairs (Si' JJ, 1 :::; i :::; n, with (SI' J I ) = (R ,I), 
(Sn ,In) = (S, J), such that for each 1 :::; i :::; n - 1 , one of the fol-
lowing conditions is satisfied: 

(i) (Si+I' Ji+l ) = ((SJp ' (Ji)p) for some p E Spec(Si) . 
(ii) (Si+I' Ji+ l ) is a deformation of (Si' J) . 

(iii) (Si+I,Ji+I)~(Si,Ji)' 

We have to introduce yet another relation between pairs of rings and ideals. 

Definition 1.8. Let (R,I) and (S, J) be pairs as in Definition 1.7. We say 
that (R, I) is a generalized localization of (S, J) if there is a sequence of pairs 
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(Si' Ji), 1 ::; i ::; n, with (SI' J I ) = (S, J), (Sn ,In) = (R,I) , such that for 
each 1 ::; i ::; n - 1 , one of the following conditions is satisfied: 

(i) (Si+1 ,Ji+l) = ((Si)P' (J)p) for some p E Spec(S) such that S)p is 
regular. 

(ii) (Si+I' Ji+ l ) is a deformation of (Si' J). 
(iii) (Si+I' Ji+ l ) is a specialization of (Si' J). 
(iv) (Si,Ji):= (Si+I(Z),Ji+IS(Z)) for some finite set of variables Z over 

Si+I' 

Next we have to record in which way linkage is compatible with the operations 
in Definitions 1. 7 and 1.8. 

Lemma 1.9 [17,2.12]. Let S be a local Gorenstein ring, let J be a Cohen-
Macaulay S-ideal of grade g , and let p = PI ' ... , P g be an S-regular sequence 
contained in J with (P) i:- J. Let (R, /) be a specialization of (S, J) with 
respect to the regular sequence a, and let 0: = 0: I ' ... ,0: gel be the image of 
P under the specialization modulo (a). 

If 0: = 0: 1 , ••• ,O:g form an R-regular sequence, then (R, (0:) : /) is a spe-
cialization of (S, (P) : J) with respect to a. 

Lemma 1.10. In addition to the assumptions of Lemma 1.9, suppose that 0: = 
0: I ' ... ,0: g form an R-regular sequence and that the link I ~ (0:) : I is geomet-
ric. 

Then also the link J ~ (P) : J is geometric, and (R,I + ((0:) : /)) is a 
specialization of (S, J + ((P) : J)) with respect to a. 
Proof. By Lemma 1.9, 

(R, 1+ ((0:) : I)) := (S/(a), (J, (P) : J, a)/(a)). 

In particular, 

grade(J + ((P) : J)) ~ grade (I + ((0:) : I)) = g + 1. 

Therefore the link J ~ (P) : J is geometric. But then grade ( J + ((P) : J)) = 
g + 1 (by Proposition 1.3), hence 

grade(J + ((P) : J)) = grade (I + ((0:) : /)). 

This together with the fact that S / (J + ((P) : J)) is Cohen-Macaulay (by Propo-
sition 1.3), now implies that a is regular on S/(J + ((P) : J)). Therefore 
(R,I + ((0:) : I)) is a specialization of (S, J + ((P) : J)) with respect to a. 0 

Lemma 1.11. Let S be a local Gorenstein ring, let J be a licci S-ideal, let 
(R, I) be a generalized localization of (S , J) , and assume that the residue class 
field of R is infinite. 

Then I is a licci R-ideal. 
Proof. We use the notation of Definition 1.8. Let X be an indeterminate, then 
for 1 ::; i ::; n we replace (Si' Ji) by (Si(X) , Ji(X)) and set (Sn+I' I n+ l ) = 
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(R, J) , to assume that the residue class fields of Si are infinite for 1 :::; i :::; n+ 1 . 
Moreover, Si are Gorenstein rings, Ji are Cohen-Macaulay Si-ideals, and we 
may assume that grade Ji > O. Under these assumptions we have to show that 
the property of being licci is preserved as we pass from (Si' J) to (Si+" Ji+,) , 
where (Si+" Ji+,) is obtained from (Si' Ji ) by one of the four operations in 
Definition 1.8. For operation (i) the claim is trivial, for (ii) it follows from [18, 
2.16], for (iii) from [33, 1.6], and for (iv) from [19, 2.12] 0 

Definition 1.12 [18]. Let R be a (not necessarily local) Gorenstein ring, let I be 
an unmixed ideal of grade g > 0, let f = 1; , ... ,fn be a generating sequence 
of I, let X be a g by n matrix of indeterminates over R, and consider the 
R[X]-regular sequence 0: = 0::, ' ... ,O::g with 

( ~,) - (~) . -X .. . . 
O::g fn 

(a) Then L, (f) = (o:)R[X] : IR[X] c R[X] is called the first generic link of 
I (with respect to f). 

(b) Let R be local, and let I and g be either as above, or I = Rand 
g > 0 arbitrary. Then L'(f) = (o:)R(X) : IR(X) c R(X) is called the 
first universal link of I (with respect to f). 

In [18, 2.11], we showed that up to equivalence of pairs in the sense of 
Definition 1.6(b), the definition of (R[X], L, (f) only depends on I, but not 
on the choice of f. We therefore write L, (l) instead of L, (f) , and iterate the 
above process in order to define L/J) = L, (L i_, (l» for i ~ 1 (set Lo(l) = J). 
We call Li(l) an ith generic link of I. We also proved that up to generic 
equivalence of pairs in the sense of Definition 1.6( c), (R(X), L' (f) is uniquely 
determined by I. Thus we write L'(J) = L'(f), and call Li(J) = L'(Li-'(J) 
(i ~ 1) an ith universal link of I (set LO(J) = l). 

The next result describes the main property of generic linkage. 

Theorem 1.13 [18, 2.17]. Let (R, m) be a local Gorenstein ring, let I be a 
Cohen-Macaulay R-ideal with grade I > 0, and let I = 1o ~ I, '" ... '" In be 
any sequence of links in R = R o ' For 1 :::; i :::; n consider ith generic links 
Li(l) C Ri' where Ri is a polynomial ring over R i_, . Set S = Rn' 

Then there exists a prime ideal q in S with m C q, such that for all 1 :::; 
i :::; n, (Sq, Li(J)Sq) is deformation of (R, Ii) . 

For the purpose of this paper however, we need to have better control over the 
location of the prime ideal q in Theorem 1.13. This information is contained 
in the next theorem. 

Theorem 1.14. Let (R, m) be a local Gorenstein ring, and let I and J be 
two linked Cohen-Macaulay R-ideals of grade g > O. Let f = 1; , ... , fn be a 
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generating sequence of I , let X be a generic g by n matrix, let 

( ~I) - (~) : -X : ' 
0g In 

and consider the first generic link LI (I) = LI (f) = (a)R[X] : I R[X]. 
Then there exists a prime ideal q in R[X] such that m c q C (m, X), 

(R[X]/q)(m,X) is regular, and (R[X]q ,LI(l)q) is a deformation of (R(Z), 
J R(Z» for some finite set of variables Z. In particular, (R,J) is a gener-
alized localization of (R[X](m .X) ,LI (J)(m ,X) . 

Proof. Let PI' ... ,p g be an R-regular sequence defining the link I ~ J, and 
let A be a g by n matrix with 

( ~I)- (~) . -A . . . . 
Pg In 

Only by using elementary row operations and hence without changing the se-
quence 1; , ... ,fn and the ideal (PI' ... ,p g)R , we may assume that 

A=(f-H) 
where I txt is the t by t identity matrix, B is a t by n - t matrix, and C is 
a g - t by n - t matrix with entries in m. In the same fashion, we decompose 

where Z is a t by t matrix. Now set 

q = (m, U - ZB, V, W)R[X]. 

Then q has the following properties: q is a prime ideal in R[X] , R[X]/q ~ 
R/m[Z] is regular, and m c q C (m, X). Then clearly (R,J) will be a 
generalized localization of (R[X](m ,X)' LI (J)(m ,X)) once we have shown that 
(R[X]q' LI (I)q) is a deformation of (R(Z), J R(Z» . 

Since the entries of the matrix C are in m, and from the definition of q , it 
follows that the sequence a consisting of the entries of the matrices U - ZB , 
V, W - C are contained in q, and hence forms an R[X]q-regular sequence. 
Moreover, R[X]q/(a) ~ R(Z). Now let n : R[X]q -+ R(Z) denote the reduc-
tion modulo (a). Then 

(H-¥ZB) (Z I 0 ) n(X) = \ = A. 
\ 0 C 0 Ig-txg-t 
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In particular, 

: = (n(x)) : = (~ I I ) A : ( 
n( Q I) ) (~ ) 0 (~ ) 
n(Qg) In g-IXg-l fn 

Z I 0 (PI) ~ (0 Ig-<xg-J jg . 
However, since the matrix Z is invertible over R(Z), we conclude that 

n(a) = n(QI)' ... ,n(Qg ) 

form an R(Z)-regular sequence which generates the same R(Z)-ideal as PI' 
... ,Pg . Then Lemma 1.9 implies that (R[X]q,(QI'''' ,Qg)R[X]q: IR[X]q) 
is a deformation of (R(Z), (PI' ... ,Pg)R(Z) : IR(Z)). But the first pair is 
(R[X]q' LI (I)q) , whereas the second pair is (R(Z), J R(Z)). 0 

Combining the proof of Theorem 1.14 and Lemma 1.10 we obtain immedi-
ately: 

Corollary 1.15. In addition to the assumptions of Theorem 1.14, suppose that 
the link I ~ J is geometric. 

Then (R[X]q' (IR[X] + LI (I))q) is a deformation of (R(Z) , (I + J)R(Z)). 
In particular, (R, I + J) is a generalized localization of 

(R[X](m,x) ' (IR[X] + LI (I))(m,x))' 

Remark 1.16. Under the assumptions of Corollary 1.15, consider the first un i-
versallink LI(I) = LI(f) = LI(f)R(X). 

Then (R(X),l R(X) + LI (I)) is essentially a deformation of (R,l + J) . 

Proof. The claim follows from Corollary 1.15, since m c q and hence R(X) 
is a localization of R[X]q' 0 

We also remark that instead of considering just one link I ~ J, one could 
easily generalize Theorem 1.14, Corollary 1.15, and Remark 1.16 to statements 
concerning a whole sequence of links (similar to Theorem 1.13). The next 
observation will playa crucial role in the second section of this paper, since it 
enables us to modify a given link by using generalized localizations. 

Corollary 1.17. Let (R, m) be a local Gorenstein ring, and let I be a Cohen-
Macaulay R-ideal. We consider links I ~ J, and I ~ K, and assume that the 
regular sequence defining the link I ~ K is contained in mI. 

Then (R, J) is a generalized localization of (R, K). If moreover both links 
I ~ J and I ~ K are geometric, then (R, I + J) is a generalized localization 
of (R,l +K). 
Proof. If grade I = 0, then K = J , and the claim is obviously true. So let 
grade I > O. 
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We use the notation of Theorem 1.14, and set S = R[X](m,x)' Then by The-
orem 1.14, (R, J) is a generalized localization of (S, LI (I)S) , and by Corollary 
1.15, (R,I + J) is a generalized localization of (S,I S + LI (I)S) in case the 
link I ~ J is geometric. 

On the other hand, let p = PI' ... ,p g be the regular sequence defining the 
link I ~ K . Then there exists a g by n matrix A with entries in m such that 

Now the entries of the matrix X - A are contained in the maximal ideal of 
S, and hence form an S-regular sequence. Modulo this sequence, 0: 1 , ••• ,O:g 

specializes to the R-regular sequence PI"'" P g' Therefore (S, LI (I)S) = 
(S, (0: 1 , ... ,00g)S : IS) is a deformation of (R, K) = (R, (PI' ... ,Pg) : I) (by 
Lemma 1.9), and (S,IS + LI (I)S) is a deformation of (R,I + K) in case the 
link I ~ K is geometric (by Lemma 1.10). D 

Remark 1.18. Given any link I ~ J as in Corollary 1.17, one can always find a 
link I ~ K such that the regular sequence defining the link I ~ K is contained 
in mI and such that the link I ~ K is geometric in case I ~ J is geometric. 

2. SUMS OF LICCI IDEALS 

We are now able to prove one of our main results. 

Theorem 2.1. Let R be a local Gorenstein ring with infinite residue class field, 
and let I and J be geometrically linked licci R-ideals. 

Then I + J is licci. 
Proof. Our assumptions imply that grade I > O. Since I and J are linked 
and I is lieci, there is a sequence of links in R, J ~ I = 10 ~ II ~ ... ~ In 
such that In is a complete intersection. 

We will prove the theorem by induction on n. If n = 0, then I = In is a 
complete intersection, and as 1+ J/I ~ W R / 1 is cyclic (by Proposition 1.2(c)), 
it follows that I + J is a complete intersection. Therefore we may assume that 
n > 0 and that our result is true for smaller n. 

By m we denote the maximal ideal of R. In R[X] , consider a sequence 
of generic links of I, I R[X] ~ LI (I)R[X] ~ '" ~ Ln (I)R[X]. Then by 
Theorem 1.13, there exists a prime ideal q in R[X] with m c q, such that 
(R[X]q,Ln(I)R[X]q) is a deformation of (R,In)' In particular, Ln(l)R[X]q 
is a complete intersection. Moreover, J R[X]q and I R[X]q are linked, and 
(R[X]q' I R[X]q + J R[X]q) is a deformation of (R, 1+ J). Hence by Lemma 
1.11 it suffices to prove that I R[X]q + J R[X]q is licci. Now we may replace 
J ~~ I = 10 ~ II ~ ... ~ In by the sequence of links 

J R[X] ~ I R[X] = IoR[X] ~ LI (I)R[X] ~ ... ~ L (l)R[X] . q q q q n q 
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Since I and J are geometrically linked, I is generically a complete inter-
section, and hence the link IR[X] ~ LI(I)R[X] is geometric [17,2.5]. In 
particular, I R[X]q and LI (I)R[X]q are geometrically linked. Returning to 
our original notation, we may therefore assume that in the sequence of links 
J ~ I = 10 ~ II ~ ... ~ In' I and II are geometrically linked. From the 
induction hypothesis, applied to II ' we then conclude that I + II is licci. Now 
our theorem follows from the next Proposition 2.2 and Lemma 1.11. 0 

Proposition 2.2. Let R be a local Gorenstein ring, and let J ~ I ~ L be two 
geometric links of Cohen-Macaulay R-ideals of positive grade. 

Then (R, 1+ J) is a generalized localization of (R, H), where H is an ideal 
doubly linked to I + L . 

Proof. Let 0: = D:I ' ••• ,D:g be an R-regular sequence defining the geometric 
link I ~ L. Since dim R ~ grade( I + L) = g + 1 , one can easily see that 
there exist elements x I ' ... ,X g in m, the maximal ideal of R, such that 
XID: I , ... ,XgD:g form an R-regular sequence and moreover, Xi 1:. p for all 
p E Ass(Rj(o:)) and all 1 ~ i ~ g. In particular, if we set x = nf=, Xi' then 
D: I ' •.. ,D: g ,X from an R-regular sequence. Since the link I ~ L defined by 
0: is geometric, it follows that for all p E Ass(Rj I), Ip = (D:I' .•• ,D:g)Rp , 
and hence Ip = (XID: I , ... ,xgD:g)Rp because Xi 1:. p. Thus if we set K = 
(x I D: I ' .•• ,X g D: g) : I , then I and K are geometrically linked with respect to 
XID: I , ... ,XgD:g . 

However, since the regular sequence XI D:I ' ••. ,XgD:g is contained in mI, we 
may use Corollary 1.17 to conclude that (R, I + J) is a generalized localization 
of (R,I + K). Thus it suffices to prove that H = 1+ K is doubly linked to 
I+L. 

But now K = (XID:I' ... ,XgD:g) : I can be easily expressed in terms of 
L = (D: I ' .•• ,D: g) : I. Since 

with 

C:UdCJ 
A = (XI.. 0) 

o Xg 

and detA = nf=lxi = x, it follows from [5,6.1.11], that K = (XID:I' ... , 
XgD:g' xL). In particular, 1+ K = I + xL, and it remains to show that I + xL 
and I + L are doubly linked. 

To prove this claim we may pass to the factor ring R = R/(D: I ' ... ,D:g), 
because both ideals in question contain the regular sequence D: I , ••• ,D:g . By 
"--", we denote images in R. Since I and L are geometrically linked with 
respect to D: I , ... ,D:g , it follows that / n L = 0 and grade(/ + L) = 1. Recall 
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that by our choice of XI' ... ,xg , the elements a l , ... , ag , X form an R-
regular sequence, and hence :x is regular on R. Moreover, 1 +:XL and 1 + I. 
are unmixed ideals of grade one in a local Gorenstein ring. In this situation, the 
next Lemma 2.3 implies that 1 +:XL and 1 + I. are doubly linked in R. 0 

Lemma 2.3. Let R be a Noetherian local ring, let I and L be R-ideals such 
that In L = 0 and grade(I + L) ~ 1, and let X be an R-regular element. 

Then there are elements a E I and bEL such that a + b is an R-regular 
element, a + xb is an R-regular element, and (a + b)R : (I + L) = (a + xb)R : 
(I+xL). 
Proof. Since grade (I + L) ~ 1 and x is regular on R, it follows that 
grade (I + xL) ~ 1. Thus I + xL contains an R-regular element, which au-
tomatically has the form a + xb with a E I and bEL. Now suppose that 
a + b is a zero divisor in R, then a + b E P for some p E Ass(R). However 
o = In L, hence Ass(R) c Ass(Rj 1) U Ass(Rj L) and we may assume that 
a + bE p for some p E Ass(Rj 1). But also a E p , hence b E P , and therefore 
a + xb E p, which is impossible since a + xb is R-regular and p E Ass(R) . 

Thus we have seen that a + b and a + xb are R-regular elements. 
To prove the equality of the colon ideals, first observe that InxL c InL = O. 

Therefore 1+ L = I ffiL and I +xL = I ffixL. But then r E (a + b)R : (I + L) 
if and only if for all eEl and dEL there exists an element s E R such that 
cr = as and dr = bs. Since x is R-regular, the latter condition is equivalent 
to the statement that for all eEl and xd E xL there exists an element s E R 
such that cr = as and xdr = xbs. This in turn holds true if and only if 
rE(a+xb)R :(I+xL). 0 

Remark 2.4. Let R be a local Gorenstein ring, and let 10 ~ II ~ ... ~ In_1 ~ In 
be a sequence of geometric links of Cohen-Macaulay R-ideals with positive 
grade. Then repeated application of Proposition 2.2 implies that (R, 10 + II) 
and (R ,!n-I + In) share any property which is preserved under even linkage 
and generalized localization. 

The second main result in this section will contain a partial coverse of The-
orem 2.1. We will prove that every licci Gorenstein ideal (of grade at least two 
in a local Gorenstein ring R with infinite residue class field) is a generalized 
localization of a sum of two geometrically linked licci R-ideals (Theorem 2.17). 
Theorem 2.17 is in some sense the best possible result, since one cannot expect 
that every licci Gorenstein ideal is actually equal to a sum of two geometrically 
linked licci ideals. To see this we provide the following obstruction for an ideal 
to be the sum of linked ideals: 

Proposition 2.5. Let R be a regular local ring, and let I and J be two geomet-
rically linked licci R-ideals which are not both complete intersections. 

Then Rj 1+ J does not satisfy Serre's condition (R3)' Moreover, if Rj 1+ J 
satisfies (R 2 ), then Rj 1+ J is not factorial. 
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Proof. We may assume that I is not a complete intersection. In the first part of 
the proof we reduce the problem to the case where J is a complete intersection. 

Consider ith universal links of I, L\I) C Ri , where LO(I) = I c R = RO , 
and for i > 0, Ri is obtained from R i- I by a purely transcendental extension 
of the residue class field. Let n > 0 such that Ln(1) f. R n ,then also Li(l) f. Ri 
for 0::; i::; n (cf. [18,2.13]). In particular, Li-I(I)Ri and Li(I) are linked in 
Ri , and these links are geometric since I is generically a complete intersection 
(cf. [17,2.5]). 

We will prove by induction on n > 0, that (Rn ,Ln-I(I)Rn + Ln(I)) is es-
sentially a deformation of (R, I + J). But for n = 1, this is the content of 
Remark 1.16. So let n > 1 . We may apply our result for n = 1 to the geometric 
link L n-I (I) ~ L n- 2(I)Rn- 1 and conclude that (Rn ,Ln- I (I)Rn +LI(L n-I (I))) 
= (Rn ,Ln-I(I)Rn + Ln(l)) is essentially a deformation of (Rn- I , 
Ln-I(I) + L n- 2(I)Rn- I) , which by induction hypothesis, is essentially a de-
formation of (R, I + J) . 

Since I is licci, but not a complete intersection, it follows from [18, 2.17], 
that there exists an n > 0 such that L n (I) is a complete intersection, but 
L n-I (I) is not a complete intersection. Now suppose tbat R/ I + J satisfies 
(R3) , or that R/ I +J is (R2 ) and factorial. Then since (Rn ,L n-I (I)Rn + L n (I)) 
is essentially a deformation of (R, I + J) , we conclude that 

Rn/(Ln-I(I)Rn + Ln(I)) 

also would have to be (R3) or factorial respectively (the factoriality is preserved 
under essentially a deformation since R/ I +J satisfies (R2 ) , cf. [25, (D-S)']). 
Thus replacing the link I ~ J by the link L n-I (I)Rn ~ L n (I) , we may from 
now on assume that I is not a complete intersection, but J is a complete 
intersection. 

Since I is directly linked to a complete intersection, but is not a complete 
intersection itself, there exists a prime ideal p in R with I c p such that 
dim(R/l)p ::; 4, and Ip is not Gorenstein (cf. [18, 3.1 or 4.2(b)]). Then 
automatically 1+ J c p , and dim(R/ 1+ J)p ::; 3. Thus replacing R by R p ' 
it suffices to show that R/ 1+ J is not factorial (and hence not regular). By the 
choice of p we may assume that I is not Gorenstein. 

So let XI ' ••. ,Xg be a regular sequence generating the complete intersection 
J , let Q I ' ... ,Q g be a regular sequence defining the link I ~ J , and write 

where A is a g by g matrix with entires in R. We may even assume that 



14 BERND ULRICH 

with Bat by t matrix whose entries are contained in m, the maximal ideal 
of R. Since 1= (ai' ... ,ag ): (XI' ... ,Xg) is not Gorenstein, it follows that 
2 ~ r(RjI) = v((x l ' ••• ,xg)j(a l , ••• ,ag)) = t (cf. Proposition 1.2(c)). On 
the other hand, 1= (ai' ... ,ag , detA) = (ai' ... ,ag , detB) (e.g. [18, 3.1]), 
and therefore 1+ J = (XI' ... ,xg , det B). Now Rj 1+ J cannot be factorial, 
because det B is the determinant of a matrix whose entries are in m and whose 
size is at least 2 (cf. [1] or [7, the proof on p. 124]). D 

Remark 2.6. In contrast to Proposition 2.5, it is easy to construct rings of the 
form Rj I + J that do satisfy (R2 ). Let R' be a regular local ring, let I' be 
a licci R'-ideal of positive grade such that R' j I' satisifes (R3) (at least after 
deformation, the latter condition holds for any licci ideal, cf. [32]), let LI (I') C 
R'[X] be a first generic link of I' , q E Spec(R'[X]) with I'R'[X] + LI (I') c q, 
R = R'[X]q' I = I'R, and J = LI (I')R. Then I and J are geometrically 
linked licci R-ideals and Rj 1+ J satisfies (R2 ) (the latter claim was essentially 
proved in [17, 2.8 and 2.9]). 

Corollary 2.7. Let R be a regular local ring with infinite residue class field, and 
let K be an R-ideal which is not a complete intersection. 

Then (R, K) has a deformation (f?, K) such that K is not the sum of two 
geometrically linked lied R-ideals. 
Proof. We may assume that K is the sum of two geometrically linked licci 
R-ideals. But then K itself is licci by Theorem 2.1, and hence (R, K) has a 
deformation (R, K) such that Rj K satisfies (R3) (cf. [32]). Now suppose that 
K is the sum of two geometrically linked licci R-ideals I and J. Neither I 
nor J could be a complete intersection since K is not a complete intersection. 
But then Proposition 2.5 implies that Rj K could not be (R 3 ). D 

Example 2.8. Let R be a regular local ring, let K be an R-ideal of grade 3 
which is not a complete intersection, and assume that Rj K satisfies (R 3 ). 

Then K is not the sum of two geometrically linked Cohen-Macaulay R-
ideals. 
Proof. The claim follows immediately from Proposition 2.5, since the Cohen-
Macaulay ideals of grade 2 in a regular local ring are automatically licci, [2], 
[8]. D 

We now aim at proving our second main result, which says that every licci 
Gorenstein ideal (of grade at least two in a local Gorenstein ring with infinite 
residue class field) is a generalized localization of a sum of two geometrically 
linked licci ideals (Theorem 2.17). In the proof of the theorem, we will proceed 
by lnduction on the number of steps necessary to link the licci Gorenstein ideal 
to a complete intersection. To do so, we first have to prove that we can "lift" 
links through generalized localizations and still retain certain properties, such as 
Gorensteinness. This is the content of a set of lemmas which follow now and in 
particular of Lemma 2.14 and Corollary 2.15 (it is also for the proof of Lemma 
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2.14 that we need the regularity assumption in Definition 1.8(i)). A second 
ingredient in the proof of Theorem 2.17 is Proposition 2.16 which establishes 
the ubiquity of tight double links (cf. Definition 1. 5) and which enables us to 
replace double links of Gorenstein ideals by tight double links. 
Lemma 2.9. Let (R, m) be a local Cohen-Macaulay ring, and let 1= U; , ... ,fn) 
be an R-ideal with grade I :2: g > O. 

Then there are elements aij Em, I :S i :S g, 1 :S j :S n, such that for 
Yi = 1; + E]=I aijij, YI "'" Yg form an R-regular sequence. 
Proof. It suffices to treat the case g = 1. Write Ass(R) = {ql' ... ,qr' qr+1 ' 
... ,qs} where 0 :S r :S s, such that 1; E qi for 1 :S i :S r, and 1; ~ qi for 
r + 1 :S i :S s. Then mI n n~=r+1 qi if.. U;=I qi' and we take YI = 1; + h with 
h E mI, h E qi for r + 1 :S i :S s, and h ~ qi for 1 :S i :S r. 0 

Lemma 2.10. Let R be a local Cohen-Macaulay ring, let I be an R-ideal with 
grade I :2: g > 0, let p be a prime ideal in R with I c p, and let 0 = 
aI' ... ,ag be an Rp-regular sequence contained in Ip' 

Then there exists an R -regular sequence P = PI' ... ,p g contained in I such 
that (P)Rp = (o)Rp . 
Proof. We may assume that g = 1. Obviously 

In(aRp)if..(Rn(paRp))U U q, 
QEAss(R) 

and hence there exists an R-regular element P in I with P /1 EaRp \paRp' 0 

Lemma 2.11. Let R be a local Gorenstein ring, let I ~ J be a link of Cohen-
Macaulay R-ideals, and let (R, 1) be a specialization of (R, J). 

Then there exists a link 1 ~ J of R-ideals such that (N., J) and (R, J) have 
a common deformation. 
Proof. Let m and m be the maximal ideals of Rand R, and set g = 
grade I. If g = 0, then the claim follows immediately from Lemma 1.9. So 
assume that g > 0, and let 0 = aI' ... ,ag be a regular sequence defin-
ing the link I ~ J. Complete 0 to a generating sequence f = 1; , ... ,In = 
aI' ... ,ag , f g+1 ' ... ,fn of I, let X be a generic g by n matrix, define a g 
by n matrix 

E = (IgXg 10), 
and consider the R[X]-regular sequence P = PI ' ... ,Pg , where 

CJ ~(E+X) C) 
The entries of the matrix X form a regular sequence on R[X](m ,X) ,and modulo 
this sequence, PI"'" Pg specialize to the R-regular sequence a l , ... , a g . 

Therefore it follows from Lemma 1.9 that 
(R[X](m ,X)' ((P)R[X] : I R[X])(m ,X)) 

is a deformation of (R, (0) : J) = (R, J). 
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By" "we denote images of elements of R in the factor ring R. Then 71 ' ... ,7 n generate the ideal 1, and since E + X is still a generic matrix over 
R , it follows that 

(PI) (71) i
g 

= (E +X) in 
form a regular sequence on R[X](m,x)' But then again Lemma 1.9 implies that 

(R[X](m ,X)' ((P)R[X] : 1 R[X])(m ,X)) 

is a specialization of 

(R[X](m,x)' ((P)R[X]: IR[X])(m,x))' 

By Lemma 2.9 there exists a g by n matrix F with entries in m such that 
for 

Y = Y1 ' ••• , Y g form an R-regular sequence. On the other hand, the entries of 
the matrix X -F are contained in the maximal ideal of R[X](m,x)' and hence 
form a regular sequence. Modulo this sequence, 711' ... ,Pg specialize to the 
R -regular sequence Y 1 ' ••• , Y g , and thus again by Lemma 1.9, (R, (y) : 1) is a 
specialization of 

(R[X](m,x)' ((P)R[X] : 1 R[X])(m,x))' 

Now define J = (y) : 1. We have seen above that (R, J) and (R,J) have 

(R[X](m,x)' ((P)R[X]: IR[X])(m,x)) 

as a common deformation. 0 

Corollary 2.12. Let R be a local Gorenstein ring, let [ be a Cohen-Macaulay 
R-ideal, let (R, I) be a generalized localization of (R,7) , and consider a link 
in R, I ~ J. 

Then there exists a link in R, [ ~ J, such that (R,J) is a generalized 
localization of (R, J). 
Proof. We may assume that (R, I) is obtained from (R,7) by one of the four 
operations in Definition 1.8, and we have to show that in each of the four cases, 
the link I ~ J can be "lifted" to a link [ ~ J. 

But for operation (i) (l is a localization of [), this follows from Lemma 
2.10, for (ii) ([ is a specialization of l), from Lemma 2.11, for (iii) ([ is a 
deformation of I), from [18, 2.16], and for (iv) ([ = IR(Z)), the claim is 
trivial. 0 
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Lemma 2.13. Let R be a regular local ring with infinite residue class field and 
dim R ~ 1 , and let I =I- 0 be an R-ideal. 

Then there exists a prime ideal q of R such that RI q is a discrete valuation 
ring, and I r.. q. 
Proof. Let m be the maximal ideal of R. By induction on dim R it suffices 
to prove the following statement: If dim R ~ 2, then there exists an element 
x E m\m2 such that I r.. (x). To this end we only have to show that there are 
infinitely many elements in m\m2 which are not associates. So let Zl' z2 be 
part of a regular system of parameters of R, and for every element a E Rim 
choose a preimage b in R and set xa = ZI + bz2 . Now {xala E Rim} is the 
desired set of elements. D 

Lemma 2.14. Let R be a local Gorenstein ring with infinite residue class field, 
let I be a Cohen-Macaulay R-ideal of grade g, let p be a prime ideal in R 
with I c p and Rip regular, consider a link in R p ' Ip ~ J, further assume 
that v(I) = g + 1 = v(Ip) and that J is Gorenstein. 

Then there exists a link in R, I ~ K such that K is Gorenstein, and (Rp ' J) 
is a generalized localization of (R, K) . 
Proof. If g = 0, simply take K = 0 : I. Thus we may assume that g > O. We 
may also suppose that p =I- m ,where m denotes the maximal ideal of R. 

By Lemma 2.10 there is an R-regular sequence P = PI' ... ,Pg in I such 
that the Rp -regular sequence PI 1 = P I I 1 , ... ,p gil defines the link Ip ~ J . 
If f = fl ' ... ,fg+ I is a minimal generating sequence of I, then there exists a 
g by g + 1 matrix A with entries in R such that 

Note that f/i = fl I 1 , ... ,fg+1 I 1 is also a minimal generating sequence of Ip 
and that 

( ;)=A(~) 
pt- ¥ 

Since J = (PilI, ... ,Pg/l)Rp : Ip is Gorenstein by assumption, it follows 
that wRp / J ~ Ipl(PJ/I, ... ,PgII)Rp is cyclic (Proposition 1.2(c)). But as 
if ' ... ,¥ minimally generate I p ' we then conclude that one of the maximal 
minors of A has to be invertible in Rp' In other words, we have seen that 
Ig(A) r.. p, where Ig(A) denotes the R-ideal generated by the g by g minors 
of A. 

Since Rip is a regular local ring with infinite residue class field and 
dimRlp ~ 1 and since Ig(A) r.. p, it follows from Lemma 2.13 that there 
exists a prime ideal q of R, p c q , such that RI q is a discrete valuation ring 
and Ig(A) r.. q. But then one of the maximal minors of A is invertible in R q , 
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hence Iql(PI/I, ... ,Pg/I)Rq is cyclic, and therefore (Pill, ... ,Pg/I)Rq : Iq 
is Gorenstein. Thus replacing the link Ip ~ (PI I I, ... ,P gl I )Rp : Ip by the 
link Iq ~ (PilI, ... ,Pg/I)Rq : I q , we may from now on assume that Rip is a 
discrete valuation ring. 

Let II be an element in R whose image in Rip is a uniformizing parameter 
of Rip. Then the matrix A can be written as A = B + C where Band Care 
g by g + I matrices, the entries of C are in p, and the entries of B are of 
the form uijIInij with 0:$ nij :$ 00 and u ij units in R. Note that Ig(B) ct p 
since Ig(A) ct p. 

Because of the special form of B we may multiply A from the right by a 
g + I by g + I matrix which is invertible over R, to assume that 

B=(Dlo), 
where D is a g by g matrix with det D 1= p. (Doing so we also obtain a 
new generating set f of I, which we still call f.) Now consider the g by g + I 
matrix E = (IgxgIO). Then B = DE , hence A = DE + C. 

On the other hand, it follows from Lemma 2.9 that there exists a g by g + I 
matrix F with entries in m such that 

( ~I) = (E + F) ( ~I ) 
Yg f g+1 

is an R-regular sequence. We now define K = (Y I ' ••. ,yg)R: I. Then I and 
K are linked with respect to YI ' ... 'Yg ' and K is Gorenstein since Ig(E+F) = 
R. 

It remains to show that (Rp ' J) is a generalized localization of (R, K). To 
this end consider a generic g by g + I matrix X, the R[X]-regular sequence 

( ~I) = (E + X) ( ~I ) , 
a g f g +1 

and the ideal H = (00 1 ' ••. ,ag)R[X](m,X) : IR[X](m,x)' Then IR[X](m,X) and 
H are linked with respect to a I ' ... ,a g • 

It suffices to prove that (R[X](m .X) ,H) is a deformation of (R, K), and 
that (R,J) is a specialization of (R[X](p,X),H(p,X))' To show both claims we 
use Lemma 1.9. For the first claim simply notice that the entries of the matrix 
F are in m, hence the entries of X - F are contained in the maximal ideal 
of R[X](m ,X) and form a regular sequence, and that modulo this sequence, 
00 1 ; •.• ,ag specialize to the R-regular sequence YI ' ••• 'Yg ' To prove the sec-
ond claim we remark that the matrix D is invertible over R[X](p ,X) (since 
det D 1= p), and the entries of C are contained in p, hence the entries of 
X - D- I C are contained in the maximal ideal of R[X](p ,X) and form a regular 
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sequence. Modulo this sequence, aI' ... ,ag specialize to 

In Rp however, the regular sequence 

generates the same ideal as the regular sequence PI' ... ,p g which defines the 
link Ip ~ 1. 0 

Corollary 2.15. Let (S, m) be a local Gorenstein ring with infinite residue class 
field, let 1 be a Gorenstein S-ideal, let (R, 1) be a generalized localization of 
(S, 1) , and consider a sequence of links in R, I = 10 ~ II ~ 12 such that 12 is 
a Gorenstein ideal, but 10 and 12 are not both complete intersections. 

Then there exists a sequence of links in S, 1 = 10 ~ 11 ~ 12 , such that 
the regular sequence defining the link 10 ~ 11 is contained in m10' 12 is a 
Gorenstein ideal, and (R, 12) is a generalized localization of (S ,12 ) . 

Proof. By Corollary 2.12, we can find a link in S, 1 = 10 ~ 1; , such that 
(R, II) is a generalized localization of (S, 1;) and by Remark 1.18, there exists 
a link 1 = 10 ~ 11 ' such that the sequence defining this link is contained in 
m10. But then Corollary 1.17 implies that (S, 1;) is a generalized localization 
of (S, 11). In particular, (R,Il) is a generalized localization of (S, 11) . 

The ideal II is not a complete intersection, since otherwise the Gorenstein 
ideals 10 and 12 would have to be almost complete intersections (cf. Proposi-
tion 1.2(c)) of finite projective dimension (cf. [28]), and hence complete inter-
sections (cf. [22]). But this is ruled out by our assumptions. So let g = grade II ' 
then v (II) ~ g + 1 . On the other hand, 10 is Gorenstein, hence v (11) ~ g + 1 , 
and (R,I 1) is a generalized localization of (S, 11) , thus v (II) ~ V (11). There-
fore v(11) = g + 1 = v(Il). Moreover, 12 is Gorenstein by assumption. 

Now we can use Lemma 2.14, Lemma 2.11, and [18, 2.16], to conclude that 
there exists a link in S, 11 ~ 12 such that 12 is Gorenstein, and (R, 12 ) is 
a generalized localization of (S, 12) (note that we may assume that operation 
(iv) in Definition 1.8 occurs at most for i = n - 1 , hence leaving the residue 
class fields of Si infinite for all 1 ~ i ~ n - 1). 0 

Proposition 2.16. Let R be a local Gorenstein ring, let 10 ~ II ~ 12 be a 
sequence of links in R, and assume that 10 and 12 are Gorenstein ideals. 
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Then either (R, 10) and (R, 12) have a common deformation, or else 10 ~ 
I[ ~ 12 is a tight double link. 
Proof. First note that if I[ is a complete intersection, then 10 and 12 are 
also complete intersections by [22], in which case (R '/0) and (R '/2) have a 
common deformation. Therefore we may from now on assume that I[ is not 
a complete intersection. We may also suppose that g = grade I > 0 because 
otherwise, (R, 10 ) = (R, 12 ) . 

Now let a = a[ , ... ,ag be an R-regular sequence defining the link 10 ~ I[ . 
Since 10 is Gorenstein, it follows that I[/(a) is cyclic (Proposition 1.2(c)), and 
hence there exists an element b E R with I[ = (a, b). Moreover, the elements 
a, b generate I[ minimally because I[ is not a complete intersection. On 
the other hand let c = c[ , ... ,cg be an R-regular sequence defining the link 
I[ ~ 12 , Then 

for some g by g + 1 matrix A with entries in R. Since 12 is Gorenstein, and 
the elements a, b generate I[ minimally, it follows as in the proof of Lemma 
2.14 that after reduction modulo the maximal ideal m of R, the matrix A has 
rank g over Rim. Thus after elementary row operations and elementary col-
umn operations only involving the first g columns, and hence without changing 
the ideals (a) and (c) we may assume that 

A~[ 
0 

~l ) 
1 0 
0 d eg 

We now consider several cases: 

Case 1. e g tf- m. Then by elementary row operations we obtain 

A- (I . 1 
o ... 0 

and after column operations only involving the first g columns we may assume 
that 

(
1 

A-

o ... 

o 

1 0 
o d 
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Now set ° = ai' ... ,ag _ 1 = CI , •.• ,Cg _ I , P = ag , and 0= cg = dag + b. 
Then II = (a,b) = (o,P ,0) = (o:,P): 10 = (0,0): 12 , and 10 ~ II ~ 12 is a 
tight double link. 

Case 2. ei tI- m for some l:Si:Sg-l. We may assume that i = 1. Then 
we get 

1 0 1 
1; 0 

A= 
f g _ 1 0 0 

0 0 d eg 

and even 
1 0 1 
0 0 

A= 
o 1 0 0 
o 0 d eg 

If e g tI- m, then the claim follows from the first case, and if e gEm, then d tl-
m since one of the maximal minors of A has to be invertible. By elementary 
row operations we then obtain 

1 0 1 
0 0 

A= 
0 1 0 0 
f 0 0 

and after changing the first g columns we may assume f = O. Now set 0: = 
a2 , •.• ,ag = c2 ' ••• ,cg ' P = ai' and 0= c i = a l +b. Then II = (a,b) = 
(o,P ,0) = (0,P): 10 = (0,0): 12 , 

Case 3. ej E m for all 1 :s i :s g. Then d tI- m, and we may assume 
that d = 1. Let X = XI ' ... ,Xg be a set of variables, and in S = R[X](m ,X) 

consider the regular sequence y = Y I ' ... ,Y g where 

We define J = (y)S : II S, and claim that (S, J) is a common deformation 
of (R '/0) and (R '/2)' But this is obvious from Lemma 1.9: Modulo the S-
regular sequence XI"'" xg , the sequence YI "'" Y g specializes to the R-
regular sequence a l , ... ,ag , and hence (S,(y)S: liS) = (S,J) is a defor-
mation of (R, (a) : II) = (R '/0), whereas modulo the S-regular sequence 



22 BERND ULRICH 

XI -e l ' •.• ,Xg -eg (recall that ei E m), YI ' ••• ,Y g specializes to the R-regular 
sequence cI ' ... ,cg ' and hence (S, (y)S: lIS) = (S, J) is a deformation of 

(R, (c): II) = (R,I2). 0 

We are now ready to prove our second main result. 

Theorem 2.17. Let R be a local Gorenstein ring with infinite residue class field, 
and let K be a licd Gorenstein R-ideal with grade K 2:: 2. 

Then there exist geometrically linked licd R-ideals I and J such that (R, K) 
is a generalized localization of (R, 1+ J). 
Proof. Since K is a licci Gorenstein R-ideal and the residue class field of R 
is infinite it follows from [19, 2.6], that there exists a sequence of links in R, 
K = Ko ~ KI ~ K2 ~ ... ~ K2n , such that K2n is a complete intersection, 
and K2i are Gorenstein ideals for 0 ~ i ~ n. We will prove the theorem by 
induction on n. If n = 0, then K = K2n is a complete intersection of grade 
at least two, and the claim is obviously true. Thus we may assume that n > 0 , 
and that K is not a complete intersection. 

By induction hypothesis applied to the ideal K 2 , there exist geometrically 
linked licci R-ideals I and J such that (R, K2) is a generalized localization 
of (R,/ + J). 

Now let m be the maximal ideal of R. By Remark 1.18, we can find a 
geometric link in R, I ~ l' , such that the R-regular sequence defining this 
link is contained in mI, and by Corollary 1.17, (R,I + J) is a generalized 
localization of (R, I + 1'). In particular, (R, K2) is a generalized localization 
of (R, 1+ 1'). Therefore, replacing I ~ J by I ~ l' , we may from now on 
assume that the R-regular sequence defining the link I ~ J is contained in 
mI. For the remainder of the proof it is also more convenient to change our 
notation, and to set Ho = K2, HI = K I , H2 = Ko = K. 

Now Ho = I + J is a Gorenstein ideal in a Gorenstein ring R with infinite 
residue class field, (R, Ho) is a generalized localization of (R, Ho) , and Ho ~ 
HI ~ H2 is a sequence of links in R such that H2 is a Gorenstein ideal but not a 
complete intersection. Then Corollary 2.15 implies that there exists a sequence 
of links in R, Ho ~ HI ~ H2 ' such that the regular sequence defining the link 
Ho ~ HI is contained in mHo' H2 is a Gorenstein ideal, and (R, H2) = (R, K) 
is a generalized localization of (R, H2 ). Thus it suffices to prove our claim for 
H2 instead of K. Replacing Ho ~ HI ~ H2 by Ho ~ HI ~ H2 we may from 
now on make the following assumptions: 

We are given a sequence of links in R, Ho ~ HI ~ H2, where Ho and H2 
are Gorenstein ideals of grade g + 1 , and moreover, 

(2.18) 

(2.19) 

Ho = I + J , where I and J are geometrically linked licci 
R-ideals of grade g , 

the regular sequence 0: I ' ... , 0: g defining the link I ~ J is 
contained in mI , 
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the regular sequence defining the link Ho ~ HI is contained in 
mHo' 
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We will have to show that under these assumptions, (R, H2 ) is a generalized 
localization of a sum of two geometrically linked licci R-ideals. Since this is 
obviously true if (R, Ho) and (R, H 2) have a common deformation, we may 
assume that (R, Ho) and (R, H 2) have no common deformation. But then 
Proposition 2.16 implies that 

(2.21 ) Ho ~ HI ~ H2 is a tight double link, i.e., HI = (Y I ' ... ,Yg , 
P ,£5) , where Y I ' ... ,Y g ,p is an R-regular sequence defining 
the link Ho ~ HI (and hence YI ' ... ,yg,p c mHo = mI + 
mJ) , and Y I ' ... , Y g ,£5 is an R-regular sequence defining the 
link HI ~ H 2 . 

We are now going to reduce the problem to the case where the regular se-
quences ai' ... ,ag from (2.19) and YI ' ... ,Yg from (2.21) coincide. For this 
part of the proof we need that a I ' ... ,a g and Y I ' ... ; Y g ,p are contained in 
mI and mHo respectively. 

Choose generating sequences f = 1; , ... ,f, of I and h = hi ' ... ,hs of J. 
Then f, h form a generating sequence of Ho = I + J , and because of (2.21) 
there exists a g + 1 by r + s matrix C with entries in m such that 

hs 
Now let X be a generic g + 1 by r + s matrix, and set 

1; 

hs 
In S = R[X](m,x) we consider the generic link LI = LI(f,h) = LI(Ho) = 
(e l , ... ,eg+I)S: HoS, 

Note that the entries of the matrix X - C are contained in the maximal 
ideal of S and hence form an S-regular sequence. Modulo this sequence, the S-
regular sequence e I ' ... ,e g+ I specializes to the R-regular sequence Y I ' ... , Y g , 
p, and therefore by Lemma 1,9, (S, L I ) = (S, (e l ' ... ,eg+I)S : HoS) is 
a deformation of (R,HI ) = (R,(y l , ... ,Yg,P) : Ho)' In particular, since 
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H[ = (Y["'" y g' P ,t5), we can find a preimage j.1. of t5 in S such that 
L[ = (e[, ... ,eg +[ ,j.1.). 

On the other hand, grade(Ho/(a[, ... ,ag )) = 1 , and hence by Lemma 2.9, 
there exists an element b E mHo such that a[, ... ,ag , b form an R-regular 
sequence. Thus we may consider the link H: = (a[ , ... ,ag , b) : Ho' Write 
b = I:;=[ aJ; + I:~=[ ai+rhj with aj Em for all I ~ j ~ r + s, and set 

Here A is a g by r matrix, and in the light of (2.19) we may assume that the 
entries of A are contained in m. Now we define a g + 1 by r + s matrix 

B = (: . ~ . a~+J. 
Then the entries of the matrix X - B are contained in the maximal ideal of S 
and hence form an S-regular sequence. Modulo this sequence, the S-regular 
sequence e[ , ... ,eg +[ specializes to the R-regular sequence a[ , ... ,ag , b, and 
thus again by Lemma 1.9, (S, L[) is a deformation of (R, H:). In particular, 
H:=(a[, ... ,ag,b,d) where d is the image of j.1. in R. 

Since grade( H: / (a [ , ... ,a g)) = 1 we may use Lemma 2.9 to conclude that 
for some e Em, a[, ... ,ag , d + eb form an R-regular sequence. Now con-
sider the linked R-ideal H~ = (a[, .. . a g ,d + eb) : H:. On the other hand, 
let Y be another variable, set T = R[X, Y](rn ,x ,y) = S[Y](rn ,x ,Y) , and in this 
ring define the link L2 = (e[, ... ,eg ,j.1. + Yeg+[)T: L[T (in the language 
of [23], L2 is a general double link of Ho)' Then the entries of the matrix 
X - B together with the element Y - e are contained in the maximal ideal 
of T and hence form a T-regular sequence. Modulo this sequence, the T-
regular sequence e[, ... ,eg ,j.1. + Yeg+[ specializes to the R-regular sequence 
a[ , ... ,ag , d + eb, and the ideal L[ T specializes to the ideal H:. Thus by 
Lemma 1.9, (T, L 2 ) is a deformation of (R, H~). On the other hand, also the 
entries of the matrix X - C and the variable Yare contained in the maxi-
mal ideal of T and hence form a T-regular sequence. Modulo this sequence, 
e[ , ... ,eg , j.1. + Ye g+[ specializes to the R-regular sequence Y[' ... , Y g ,t5 and 
L[ T specializes to H[ . Therefore again by Lemma 1.9, (T, L 2 ) is a deforma-
tion of (R, H2). Now we have seen that (R, H2) and (R, H~) have a common 
deformation, namely (T, L 2 ). (This could have also been deduced from the 
w~rk of Kustin and Miller, [24].) Therefore it suffices to prove that H~ is a 
sum of two geometrically linked licci R-ideals. 

Thus replacing Ho ~ H[ ~ H2 by Ho ~ H: ~ H~, we are now in the 
following situation: There is a sequence of links Ho ~ H[ ~ H2 such that H2 
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is Gorenstein, but not a complete intersection, and moreover 

(2.22) 

(2.23) 

Ho = I +J where I and J are licei R-ideals which are geomet-
rically linked with respect to the regular sequence aI' ... , a g , 

HI = (aI' ... , a g , P ,6) , where aI' ... , a g , P is an R-regular 
sequence defining the link Ho ~ HI ' and aI' ... , a g ,6 is an 
R-regular sequence defining the link HI ~ H2 . 

25 

Under these assumptions we will show that H2 is the sum of two geometrically 
linked licei R-ideals. This will be the content of Lemma 2.26. Before we can 
prove Lemma 2.26 however, we need a better description of the ideal HI : 

Lemma 2.24. Let R be a local Gorenstein ring, let I and J be Cohen-Macaulay 
R-ideals of grade g which are geometrically linked with respect to the regular 
sequence 0 = a l ' ... , a g , set H = 1+ J, let P be an element in H such that 
o , P form a regular sequence, and write P = a + b, where a E I, b E J . 

Then (0, P) : H = (0, a , b) . 
Proof. We may replace R by Rj(o) to assume that In J = 0, and hence 
H=IEBJ. We will prove that (p):H=(a,b). 

Now R is a Gorenstein ring, I and J are Cohen-Macaulay ideals of grade 
zero, and P is regular on R. Then Lemma 1.9 implies that 

(2.25) 
(P) : (I, P) = ((0: I), P) and 
(P) : (J , P) = ((0: J), P)· 

Now we are able to compute the ideal (P): H. 

(P) : H = (P) : (! + J) 
= (P): [(! ,P) + (J ,P)] 
= [(P) : (I, P)] n [(P) : (J , P)] 
= ((0 : I), P) n ((0 : J), P) (by (2.25)) 
= (J, P) n (!, P) 
= (J,a)n(!,b) 
= [(a) EB J] n [I EB (b)] 
=(a)EB(b)=(a,b). 0 

In the situation of (2.22) and (2.23), Lemma 2.24 implies that HI = (0, P ,6) 
=(o,a,b) where p=a+b with aEI, bEJ. Thus we do not alter (2.23) 
by assuming that 6 = ra + sb for r E R, s E R. Since H2 is Gorenstein and 
HI is not a complete intersection, rand s cannot be both contained in m. 
Without loss of generality, we may suppose that r = 1 , and so 6 = a + sb. If 
s Em, we deform 6 to J = a + Yb E R[Y](m,y) (Y is a variable), specialize 
J to 6' = a + s' b, where s' E m is regular on Rj (0), and apply Lemma 
1.9 (notice that 6' is automatically regular on Rj(o), since Ass(Rj(o)) = 
Ass(Rj I) UAss(Rj J) , and P = a + b is regular on Rj(o), and a E I, bE J) . 
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Then we may assume that 0:, S form an R-regular sequence in case s Em. In 
either case, using the equation P = a + b , we obtain 

J = a +sb 
= P+c 
=sP+d 

(c E J) 
(d E I), 

where either s is a unit or else 0:, S form an R-regular sequence. Now Theorem 
2.17 follows from Lemma 2.26: 

Lemma 2.26. Let R be a local Gorenstein ring, let I and J be Cohen-Macaulay 
R-ideals of grade g which are geometrically linked with respect to the regular 
sequence 0: = a I ' ... ,a g' set Ho = I + J, and consider a sequence of links 
Ho ~ HI ~ H2· We further assume that the link Ho ~ HI is defined by the 
regular sequence 0:, p, and that the link HI ~ H2 is defined by the regular 
sequence 0:, J with J = P + c = s P + d, where c E J ,d E I, and either s is a 
unit or 0:, S form an R-regular sequence. 

Then H2 = 1+ f, where f = (ai' ... ,ag_ 1 ,sJ), and the ideals I and f 
are geometrically linked with respect to the regular sequence a I ' ... ,a g_1 ,sag' 
If I and J are licci, then obviously the same holds true for I and f. 
Proof. We first note that ai' ... ,ag_ l , sag forman R-regularsequence, since 
either s is a unit, or else a I ' ... ,a g_1 ,s are a regular sequence. But then by 
[5,6.1.11], 

(ai' ... ,ag_ 1 ,sag): I = (ai' ... ,ag_ 1 ,sag ,s[(a l , ••• ,ag): I]) 

= (ai' ... ,ag_ 1 ,sJ) = J', 

which proves that I and f are linked with respect to ai' ... ,ag_ 1 ,sag' To 
show that this link is geometric, we simply observe that 

grade (I + f) = grade(I + sJ) > grade I, 

where the latter inequality holds since grade (I + J) > grade! , and since by 
assumption, s is not contained in any associated prime of I. 

It remains to prove that H2 = I +f . Since both ideals contain (ai' ... ,ag) , 
we may factor out (a I ' ... ,a g) to assume that I J = 0 and grade H2 = 1. 
Then H2 = (J) : HI = J(HI)-I , where (HI)-I denotes the inverse fractional 
ideal of HI in the total ring of quotients of R. Likewise, Ho = (P) : HI = 
p(HI)-I. Combining the two equations we obtain that H2 = Jp-IHo ' and 
therefore 
(2.27) -I -I H2 =Jp (I+J)=P (JI+JJ). 
However J = P + c = s P + d where c E J, dEI, and cI + d J c I J = 0 . 
Thus (2.27) implies that 

H2 = P-I(PI + cI +sPJ + dJ) 
-I , 

= P (PI + psJ) = 1+ sJ = 1+ J. 0 
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Now the proof of Theorem 2.17 is complete. Combining Theorem 2.1, 
Lemma 1.11, and Theorem 2.17, we obtain the following characterization of 
licci Gorenstein ideals: 

Corollary 2.28. Let R be a local Gorenstein ring with infinite residue class field 
and let K be an R-ideal with grade K ~ 2. 

Then K is a licd Gorenstein ideal if and only if there exist geometrically 
linked licd R-ideals 1 and J such that (R, K) is a generalized localization of 
(R,I + J). 

3. THE DEPTH OF THE KOSZUL HOMOLOGY 

In this and the next sections, depth conditions on the Koszul homology will 
play an important role. Let 1 be an ideal in a local Gorenstein ring R, then 
by Hi (I) we denote the ith homology of the Koszul complex for some fixed 
generating set of I. Now Hi(1) is an R/I-module with dimHi(l) = dimR/I 
or Hi (I) = 0 [16, Remark 1.5], and for a fixed integer t, the property of 
Hi(l) being Cohen-Macaulay for all 0 :::; i :::; t does not depend on the chosen 
generating set of 1 [13, 1.5]. The ideal 1 is called strongly Cohen-Macaulay 
if Hi(I) are Cohen-Macaulay for all i [14]. This notion has turned out to be 
very useful in the study of blowing-up rings and residual intersections ([12], 
[14], [16], [21], [30], [31]). Huneke showed that the strong Cohen-Macaulay 
property is preserved under even linkage ([13, 1.12], cf. also [15]), and later, 
Vasconcelos proved that for perfect ideals of grade 3, the Cohen-Macaulayness 
of the first Koszul homology is invariant under even and odd linkage [34, 2.4]. 
Although the latter result cannot be generalized to higher grade, one can still 
ask how the depth of the first Koszul homology of a Cohen-Macaulay ideal 1 
is reflected in properties of an ideal J belonging to the odd linkage class of 
I. This question is answered in Theorem 3.1, where we show that the depth of 
HI (I) coincides with the depth of S2 ((j) Rj J) , the second symmetric power of the 
canonical module of R/ J (note that the depth of HI (I) does not depend on the 
chosen generating set of I, cf. [13, 1.2]). We then use Theorem 3.1 to explain 
how depth conditions on the first Koszul homology pass to the sum of two 
geometrically linked Cohen-Macaulay ideals. This is done in Corollary 3.10 and 
Theorem 3.11, which also yield a criterion for when the Cohen-Macaulay ness 
of the first Koszul homology is preserved under odd linkage. Besides Cohen-
Macaulayness another depth condition on the first Koszul homology comes into 
play: An ideal 1 is called syzygetic if the natural epimorphism S2 (I) -> 12 is 
injective, or equivalently, if the first map in the stand ad exact sequence 

is injective [30, 1.2]. It is clear from the latter description that if 1 is generically 
a complete intersection, then 1 is syzygetic if and only if HI (I) is R/ I-torsion 
free. 
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To formulate our results, we also need to consider depth conditions on the 
conormal module: A Cohen-Macaulay ideal 1 is called strongly nonobstructed 
if the twisted conormal module of I, 1 {i9 R W R/ I ' is a Cohen-Macaulay R/ 1-
module. Due to the work of Herzog, this notion plays an important role in de-
formation theory [10]. In fact, if 1 is strongly nonobstructed and R is a power 
series ring over a field k and R/I is reduced, then there are no obstructions 
for lifting infinitesimal deformations of Rover k [10, lA, cf. also 2.3]. Buch-
weitz has shown that the property of being strongly non obstructed is preserved 
under linkage (at least if R contains a field and all ideals are generically com-
plete intersectons, [5, 6.2.11]), and later it was proved in [6] that even the depth 
of the twisted conormal module is an invariant of the linkage class. Of course 
any licci ideal is strongly nonobstructed as well as strongly Cohen-Macaulay by 
the work of Buchweitz and Huneke. In the last section of this paper however, 
we will show that neither property (even if the strong Cohen-Macaulayness is 
required for the entire linkage class) characterizes licci ideals. To accomplish 
this, we will need Corollary 3.10, which says that if 1 and J are two geomet-
rically linked Cohen-Macaulay ideals and the twisted conormal module of 1 is 
R/ I-torsion free and 1 as well as J are syzygetic, then 1 + J is syzygetic. This 
fact can be used to show that a given twisted conormal module has nontrivial 
torsion, since computationally it is much easier to check the syzygetic property 
of ideals than torsion freeness of a twisted conormal module. 

Our Theorem 3.1 was inspired by Vasconcelos' paper [34], where the same 
result is shown for ideals of grade three. I am also very grateful to Wolmer 
Vasconcelos for simplifying my original proof of Theorem 3.1. 

Theorem 3.1. Let R be a local Gorenstein ring, and consider a link 1 ~ J of 
Cohen-Macaulay R-ideals. 

Then depth HI (I) = depth S2 (w R/ J ) . 

Proof. Let d = dim Rand g = grade I. After adjoining a variable X to R 
and replacing 1 by the ideal (I, X)R[X](m ,X) (where m is the maximal ideal 
of R), we may assume that g > ° (by [13, 104] the depth of the first Koszul 
homology is invariant under this operation). 

We first show the existence of an exact sequence 

(3.2) 0-+ M -+ S2(I) -+ S2(WR / J ) -+ ° 
where depthM = d - g + 1 (cf. also [34, proof of 204]). 

Let a I ' .. , ,a g be a regular sequence defining the link 1 ~ J , and let L = 
(a I ' ' ., ,a g)' Then the exact sequence from Proposition 1.2( c), 

° -+ L -+ 1 -+ W R/ J -+ ° 
in<\uces an exact sequence 

0-+ L· 1 -+ S2(I) -+ S2(WR / J ) -+ 0, 

where L· T denotes the image of L (i9R 1 in S2(I). Now (3.2) follows once 
we have shown that depth L . 1 = d - g + 1. To this end, we first claim that 
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L . I = LI, where LI is the ideal product of L and I in R. There is a 
commutative diagram of natural maps 

L·I ~LI 

~ r r 
where e is an isomorphism since L is a complete intersection. It will follow 
that qJ is injective once we have shown that ker qJ C im If!. So let Y E ker qJ , 
and write y = 2::;=1 a i · hi with hi E I. Then 2::;=1 aihi = 0 in R, and since 
0. 1 ' ••• ,ag form an R-sequence, we conclude that hi E (0. 1 ' ••• ,ag ) = L. But 
then y E im If! . Thus we have shown that L· I = LI . 

To see that depth LI = d - g + 1 , we simply consider the exact sequence 

0--+ LI --+ L --+ L/LI --+ 0, 

and notice that 

L/LI = L ®R R/I = (L/L2) ®R/L R/I 

= (R/L)g ®R/L R/I = (R/I)g. 

Thus depthLI = d - g + 1, and we have proven (3.2). 
Now fix a generating set 1;, ... ,In of I (by [13, 1.2], depth HI (I) is in-

dependent of this choice), and let B I , 2 1 , KI be the first boundaries, cycles, 
and chains of the Koszul complex of 1;, ... ,In' We will show that there is an 
exact sequence 

(3.3) 0 --+ BI --+ EBn I --+ S2(1) --+ 0 

(this is essentially in [30]). 
To this end consider the exact sequence 

n 

o --+ 21 --+ KI = EB Rei --!!... I --+ 0 
i=1 

where ll(e) = J;. Tensoring by I®R' we obtain an exact sequence 
n 

O 12 ffi I id/ ® n I to. I 0 --+ 1--+'17 ei I '<YR --+ • 
i=1 

Now 
n 

121 C BI = (J;ej - ijeill ~ i < j ~ n) C EBlei , 
i=1 

and hence the above exact sequence yields 
n 

0--+ BI --+ EBlei --+ I ®R I/N --+ 0 
i=1 
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where N = U;@fj- fj@.t;ll S; i < j S; n) . On the other hand, I@R1 1 N ~ S2 (I) . 
This completes the proof of (3.3). 

Now Theorem 3.1 follows easily from (3.2), (3.3), and the fact that 
depth HI (I) = depth BI - 1. If depth S2(I) ~ d - g + 1 , then depthS2(wR/J ) ~ 
d - g and depth HI (I) ~ d - g. But then depth S2 ( W R/ J) = d - g = depth HI (I) . 
If however depth S2 (I) S; d - g , then 

depthS2(wR/J ) = depthS2(I) = depthHI(I). D 

The next two corollaries follow immediately from Theorem 3.1. 

Corollary 3.4. Let R be a local Gorenstein ring, and let 1 and J be two Cohen-
Macaulay R-ideals in the same odd linkage class, then 

(a) depth HI (I) = depthS2(wR/J) ' 
(b) HI (I) satisfies Serre's condition (Sk) if and only if S2(WR/J ) satisfies 

(Sk) . 

Corollary 3.5. Let R be a local Gorenstein ring, and let 1 and J be two Cohen-
Macaulay R-ideals in the same even linkage class, then 

(a) depth HI (I) = depth HI (J) (cf also [13, proof of 1.11]), 
(b) depth S2(W R/I) = depth S2( wR/J ) . 

From Theorem 3.1 we also obtain the following result of Vasconcelos [34, 
2.8]. 

Corollary 3.6. Let R be a local Gorenstein ring, and let 1 be a Cohen-Macaulay 
R-ideal such that r(RI I) = 2. 

Then S2(WR/1 ) is Cohen-Macaulay. 

Proof. Consider a link 1 ~ J. Then by Proposition 1.2(c), d(J) S; 2, and 
thus by [3], HI (J) is Cohen-Macaulay. Now the claim follows from Theorem 
3.1. D 

Before we prove our next theorem, another lemma is needed. 

Lemma 3.7. Let R be a local Gorenstein ring, let 1 and J be two geometrically 
linked Cohen-Macaulay R-ideals, and write K = 1 + J. Further assume that 1 
is syzygetic and that 1 @R W is torsion free as an RI I-module where W = W R/ I· 

Then there are exact sequences 
2 (a) 0-+1 -+IK-+I@RW-+O, 

(b) 0 -+ IK -+ S2(K) -+ S2(W) -+ 0 with depthS2(w) = depthHI(J). 

Proof. Let 0: = a I ' ... ,a g be a regular sequence defining the link 1 ~ J. 
Then (0:) = 1 n J since the link 1 ~ J is geometric. Thus by Proposition 
1.2(c), W ~ J 1(0:) = J lIn J ~ KII, and we have an exact sequence 

O-+I-+K-+w-+O. 
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Tensoring by lOR ,yields a commutative diagram with exact rows and 
columns: 

10R I ----+ 10R K ----+ 1 OR W ----+ 0 

1 1 
S2(I) lOR Kj p(/\2 I) 

1 1 
0 0 

Now S2(I) ~ 12 since 1 is syzygetic, and from the Snake Lemma we obtain an 
exact sequence 

2 IIf 2 1 -->/0R Kjp(/\ I)-.[0RW-tO. 

Notice that for all PESpec(R) with Kctp, (I0RKjp(/\2/))p~/p and IfIp is 
the natural embedding I; -t Ip. In particular, ker IfI is a R-torsion sub module 
of 12 and hence zero. Thus we have an exact sequence 

2 2 (3.8) O-tl -t/0RKjp(/\/)-t/0RW-tO. 

Now part (a) follows from (3.8) once we have shown that 

(3.9) 10RKjp(/\2I)~/K. 

To prove (3.9), consider the natural projection 
2 n: lOR Kj p(/\ /) -+> IK. 

By the above, np is injective for all P E Spec(R) with K ct p. Suppose that 
ker n =1= 0 , and let p be a minimal element in Supp(ker n) . Then K c p , and 
hence by the Rj I-torsion freeness of 1 OR w, depth( 1 OR w) p ~ 1. But then 
by (3.8), depth(1 OR Kjp(/\2I))p ~ 1, and hence depth(kern)p ~ 1, which is 
impossible by the minimality of p. This contradiction proves (3.9). 

We now prove part (b). Taking second symmetric powers in the exact se-
quence 0 -t 1 -t K -t W -t 0, we obtain an exact sequence 

2 lOR Kj p(/\ /) -t S2(K) -t S2(W) -t O. 

Then (3.9) implies that 

is exact. It is easy to see that ker X is an R-torsion module and hence zero. 
Also notice that by Theorem 3.1, depthS2(w) = depthH,(J). 0 
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Corollary 3.10. If with the assumptions of Lemma 3.7, J is syzygetic, then also 
K is syzygetic. 
Proof. Suppose that K is not syzygetic. Then J(K) -I- 0, where J(K) is the 
kernel of the natural map from S2(K) to K2. We may localize at a minimal 
prime ideal in Supp(J(K)) to assume that depthJ(K) = O. Notice that K 
is still a proper ideal in R = Rp ' and in particular, dim Rj J ~ 1. Since 
J(K) c S2(K) and depthJ(K) = 0, it follows that depthS2(K) = O. But then 
by Lemma 3.7(b), depth HI (J) = O. On the other hand, J is syzygetic, and 
hence HI (J) is a submodule of a free Rj J -module where depth Rj J ~ 1. 
Thus depth HI (J) ~ 1 , which yields a contradiction. 0 

Theorem 3.11. Let R be a local Gorenstein ring, let I and J be two geomet-
rically linked Cohen-Macaulay R-ideals, and write K = 1+ J. Further assume 
that I satisfies (CI I ) and that the RjI-modules H I (/) and I ®R W RjI satisfy 
Serre's condition (S2)' 

(a) Then the following are equivalent: 
(i) J is syzygetic, 
(ii) K is syzygetic. 

(b) If in addition, I is strongly nonobstructed, then the following are equiva-
lent: 

(i) HI (I) and HI (J) are Cohen-Macaulay, 
(ii) K is syzygetic and strongly nonobstructed. 

Proof. First notice that the assumptions of Lemma 3.7 are satisfied. 
We now prove part (a). By Corollary 3.10 it suffices to show that (ii) implies 

(i). Since the link I ~ J is geometric and hence J is generically a complete 
intersection, it suffices to prove that HI (J) is torsion free. Let p E V(J). If 
I rt p or if dim(Rj J)p ::; 1, then Jp is an almost complete intersection and 
it is well known that HI (Jp ) is torsion free. Thus after localizing at p, we 
may assume that I and J are still linked and that dim Rj I = dim Rj J ~ 2. 
We need to show that depth HI (J) ~ 1. However, by our assumption on I, 
depth HI (/) ~ 2 and depth I ® R W Rj I ~ 2. Hence the standard exact sequence 

(3.12) 

and the exact sequence in Lemma 3.7(a) imply that depthIK ~ 2. Moreover, 
depthS2(K) ~ 1 since we assumed K to be syzygetic, and hence by Lemma 
3.7(b), depth HI (J) = depthS2(wRjI ) ~ 1. 

We now prove part (b). Write d = dimR and g = grade I . We first show 
that (i) implies (ii). By Corollary 3.10, K is syzygetic. Moreover, by (3.12) 
and Lemma 3.7, depthS2(K) ~ d - g. Since S2(K) ~ K2 , we conclude that 
depth K j K2 ~ d - g - 1. But then K is strongly nonobstructed since K is a 
Gorenstein ideal of grade g + 1 (Proposition 1.3). 

Next we show that (ii) implies (i). By part (a), J is syzygetic and by [6], 
J ®R wR/ J is Cohen-Macaulay. Now both ideals have this property, and the 
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problem is symmetric in I and J (except that HI (J) need not be (S2) , which 
is irrelevant for the remainder of the proof). Assume (ii) and suppose that (i) 
does not hold. Then we may assume that HI (I) is not Cohen-Macaulay and 
depth HI (I) ::; depth HI (J). Now depth HI (I) ::; d - g - 1, depth I ®R W R / 1 = 
d - g, and by (ii), depthS2(K) = d - g (note that K is a Gorenstein ideal 
of gradeg + I). But then (3.12) and the exact sequences in Lemma 3.7 imply 
that depthS2(wR / 1 ) = depth HI (I) - 1, and hence depth HI (J) < depth HI (I), 
which is a contradiction to the above assumption. 0 

Notice that in Theoem 3.11 (b), HI (K) is Cohen-Macaulay, because K is 
Gorenstein and hence HI (K) is a syzygy module of a maximal Cohen-Macaulay 
module. 

4. SUMS OF DOUBLY LINKED GORENSTEIN IDEALS 

In the preceding two sections we studied sums of Cohen-Macaulay ideals of 
grade g, I and J, which are directly linked. In order to obtain any results we 
had to assume that 1+ J had grade at least g + 1, g + 1 being the "generic" 
grade for ideals of this type. We now take these investigations one step further 
and consider sums of Gorenstein ideals of grade g, 10 and 12 , which are linked 
in two steps. In Proposition 2.16 we had seen that either 10 and 12 become 
equal after deformation or else there exists a tight double link joining 10 and 
12 , Thus it seems natural to assume that the link 10 ~ II ~ 12 is always tight. 
We also assume that 10 + 12 has grade at least g + 2, g + 2 being the "generic" 
grade for ideals of this type (cf. Lemma 4.1, Remark 4.2). We then obtain 
positive results concerning the Cohen-Macaulayness of 10 + 12 (Theorem 4.3), 
and we can compute the type of Rj 10 + 12 (Remark 4.5). However, the example 
of (5.1) will illustrate that 10 + 12 need not be licci, even if 10 (and 12) has 
this property. 

We begin by establishing that g + 2 is the "generic" grade of 10 + 12 . 

Lemma 4.1. Let R be a regular local ring, and let 10 ~ II ~ 12 be a tight double 
link with 10 and 12 Gorenstein ideals of grade g > ° . 

Then every minimal prime ideal of 10 + 12 has height at most g + 2. 
Proof. Let p, a ,a = 0: I ' .•. ,0: g_1 be elements in R such that a, p , and 
a, a form R-regular sequences contained in 10 and 12 respectively, and II = 
(a, fJ, a) = (a, fJ) : 10 = (a, a) : 12 , After factoring out the ideal (a) we are 
in the situation where g = 1 and R is a complete intersection. 

Let I~ I be the inverse fractional ideal of II in the total quotient ring of 
R. Then 10 = (fJ) : II = p/~I, and 12 = (a) : II = M~I. Therefore 
10 + 12 = (fJ, a)I~ I = II I~ I. Now let p be a minimal prime of 10 + 12 . 
Since 10 + 12 = I/~I , it follows that the ideal (l1)P is not invertible, but that 
(II) q is invertible for all q in the punctured spectrum of Rp' Moreover, II 
is an unmixed ideal of grade one in a complete intersection ring R. In this 
situation, [20, 2.2] implies that dim Rp ::; 3. 0 
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Remark 4.2. Let R' be a local Gorenstein ring, let I' = U;, ... ,fJ be a 
Gorenstein R'-ideal of grade g > 0, let X be a finite set of variables over 
R', p E Spec(R'[X]) , R = R'[X]p' and let 10 = I'R ~ II ~ 12 be a tight 
double link in R. Assume that I' satisfies (C II) and that the regular sequence 
a = °1 ' ... ,0g_1 in Definition 1.5 is of the form 

( ~I ) = Y (~I) 
°g_1 fn 

where Y is a g - 1 by n matrix whose entries are linearly independent linear 
forms in R'[X] (this is always satisfied if the tight double link is semigeneric 
in the sense of [24]). 

Then grade(/o + 12 ) ~ g + 2. 

Proof. From the proof of Lemma 4.1 it follows that grade(/o + 12 ) ~ g + 2 if 
and only if the R/ (a )-ideal 11/( a) satisfies (C II) , which in turn is equivalent 
to 10/ (a) being (C II) since the two ideals are linked and have grade one. 

To verify that Io/(a) satisfies (CII) is suffices to show that for every q E 
Spec(R'[X]) with I' c q and dimR'[X]q:S g+ 1, the module (I'R'[X]/(a))q 
is cyclic. Localizing at q n R' , we may assume that q n R' = m' , the maximal 
ideal of R' . Then g:S dim R' :S g + 1 , and since I' satisfies (C II) , we may 
assume that I' is minimally generated by 1;, ... ,fg . After modifying Y, we 
obtain that 

( ~I ) = Y (~) 
0g_1 fg 

with Y a g - 1 by g matrix whose entries are still R'-linearly independent 
linear forms in R'[X]. Thus ht(m' ,Ig-I (Y))R'[X] = dim R' +2 ~ g+2 > htq , 
and since m' c q, we conclude that Ig-I (Y) </.. q. But then (I'R'[X]/(a))q = 
((1;, ... ,fg)/(ol' ... ,0g_I))q has to be cyclic. D 

Lemma 4.1 and Remark 4.2 motivate the grade assumption in the next the-
orem, which is the main result of this section. 

Theorem 4.3. Let R be a local Gorenstein ring, let 10 ~ II ~ 12 be a tight double 
link with 10 and 12 Gorenstein ideals of gradeg > 0 (by Proposition 2.16, the 
double link 10 ~ II ~ 12 is automatically tight if (R, 10) and (R, 12 ) have no 
common deformation), and assume that grade(/o + 12 ) ~ g + 2. 

If H[ (/0) is Cohen-Macaulay, then 10 + 12 is a Cohen-Macaulay ideal of 
gradeg + 2. 
Proof. As in the proof of Lemma 4.1 we reduce to the case g = 1. [13, 
1.6], guarantees that this reduction does not alter any of our assumptions and 
conclusions. Set d = dim R. From now on we will assume that HI (/0) is 
Cohen-Macaulay. 
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First notice that by the grade assumption on 10 + 12 and the proofs of 
Lemma 4.1 and Remark 4.2, the ideal 10 satisfies (ell)' This fact, the Cohen-
Macaulayness of HI (10)' and the standard exact sequence (3.12) already imply 
that Ii is reflexive and depth Ii ~ d - 1 . 

We now claim that 10 n 12 = 10/2 , Since clearly 10/2 C 10 n 12 ' it suffices 
to show that equality holds locally at all associated primes of 10 / 2 , However, 
10 ~ 12 ~ 12 is a double link of ideals of grade one, hence 10 ~ I~ I ~ 12 ' and 
therefore 10/2 ~ Ii . We have seen that the latter ideal is reflexive, thus 10/2 is 
reflexive and hence unmixed. Then it suffices to prove that (10 n 12)q = (lo/2)q 
for all q E V (10/2) with dim Rq ::; 1. But for any such q, either (10) q = Rq 
or (l2)q = Rq , and the above equality is obviously true. Thus we have shown 
that 10 n 12 = 10/ 2 . 

Now the standard exact sequence 

o ----+ 10 n 12 ----+ 10 EB 12 ----+ 10 + 12 ----+ 0 

together with the isomorphisms 10 n 12 ~ 10/2 ~ Ii and 12 ~ 10 ' yields an exact 
sequence 

2 (4.4) 0 ----+ 10 ----+ 10 EB 10 ----+ 10 + 12 ----+ O. 

Since depth Ii ~ d - 1, we obtain from (4.4) that depthR/lo + 12 ~ d - 3. 
Since on the other hand, grade(Io + 12) ~ g + 2 = 3, we conclude that 10 + 12 
is a Cohen-Macaulay ideal of grade 3 = g + 2 . 0 

In the next remark, we give an estimate for the type of the Cohen-Macaulay 
ring R/lo + 12 from Theorem 4.3. First we need a definition: Let 0 = 
ai' ... ,ag _ 1 be a regular sequence as in Definition 1.5, then by t, 0 ::; t ::; 
g - 1, we denote the maximal number of elements y = YI ' ... 'Yt such that 
y form part of a minimal generating set of the ideal (0), and y "split 10 as 
hypersurface sections" which means that there is a Cohen-Macaulay ideal J of 
grade g - t such that 10 = (J ,y) . 

Remark 4.5. In addition to the assumptions of Theorem 4.3, let R be a power 
series ring over a field and assume that 10 is strongly nonobstructed. 

Then r(R/lo + 12) = g - 1 - t. If 10 or 12 or 10 + 12 is not a complete 
intersection, then 2::; r(R/lo + 12) ::; g - 1 . 

Proof. With the notations preceding the remark, let" " denote reduction mod-
ulo (0) = (ai' ... ,ag _ I), and set S = R/lo = R/lo ' Then there is an exact 
sequence 

g-I 2 --2 
O----+S ----+10/10----+10/10----+0 

which induces an exact sequence 
2 g-I I - -2 

Homs(Io/lo ,S) ----+ Homs(S ,S) ----+ Exts(I 0/1 0' S) ----+ 0, 

since by assumption, Ext~(Io/li ,S) ~ Ext~(Io/li ®s ws,ws ) = 0 (cf. [l0, 
1.2]). From this exact sequence one easily sees that g - 1 - v(Ext~(/o/I~, S)) is 
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equal to the maximal rank of a free direct summand of lo/Ig which is contained 
in Sg-I = EB;:II S(a i + Ig). But on the other hand, this rank is t (cf. [11, 
proof of 1.3)). 

Thus to show that r(R/lo+ 12 ) = g - 1 - t, we have to prove that 

(4.6) 

To this end consider the exact sequence from (4.4), 
-2 - - - ---o --+ 10 --+ 10 EEl 10 --+ R --+ R/lo + 12 --+ O. 

Then we obtain isomorphisms 
3 - -- - 1 -2 - 2 - -2 -

WRjlo+12 ~ Ext"R(R/lo + 12 ,R) ~ Ext"R(/o,R) ~ Ext"R(/o/lo,R). 

2 - -2 - 1 - -2 On the other hand by local duality, Ext"R(/ 0/ 10 , R) ~ Exts(/ 0/10' S) . Therefore 
1 - -2 

W Rj1o+/2 ~ Exts(/ 0/ 1 0' S) , which proves (4.6). 
It remains to show that 10 + 12 is not Gorenstein in case 10 , 12 , or 10 + 12 is 

not a complete intersection. Suppose, 10+/2 is Gorenstein. Then t = g-2 and 
hence 10 = (J 'Y 1 ' ... ,Y g-2) , where J is a perfect Gorenstein ideal of grade 2. 
Thus J would have to be a complete intersection [29]. Let"'" denote reduction 
modulo (Y 1 ' ... ,Y g-2). Then I~ = l' is a complete intersection of grade 2 in 
R' , and considering the link I~ ~ I; ~ I~ we conclude that the R' -ideal I~ is 
licci and hence perfect. Thus I~ is a complete intersection, since this ideal is 

. f ' , , , also Gorenstem 0 grade 2 . Therefore v(/o + 12 ) ~ 4 = grade(/o + 12 ). Thus 
10 , 12 , and 10 + 12 would have to be complete intersections in R. D 

5. EXAMPLES 

In this section we use the results of the previous two sections to construct two 
examples. The first example is a perfect prime ideal which is not strongly no nob-
structed, but whose entire linkage class is strongly Cohen-Macaulay. Conversely, 
the second example is a perfect prime ideal which is strongly nonobstructed, 
but not strongly Cohen-Macaulay. The first ideal is a sum of two tightly linked 
Gorenstein ideals of grade 3 , whereas the second ideal is essentially obtained 
from the first one as a sum of two geometrically linked ideals. Since by [5] and 
[13], any licci ideal is strongly nonobstructed and strongly Cohen-Macaulay, it 
follows that neither of the above ideals is licci. In particular our examples show 
that a perfect prime ideal need not be licci even if it is strongly nonobstructed 
or its entire linkage class is strongly Cohen-Macaulay. 

We first have to fix some notation. Let k be a field of characteristic zero, let 
X = (Xi) be a generic alternating 6 by 6 matrix over k (if we wish we may 
set xS6 = 0) , let X be the matrix obtained from X by replacing X I2 by 0, 
and set R = k[[X]] (or k[X)). For 1 ~ i < j ~ 6 let (-I)i+J+I.t;J = (_I)i+J fji 



SUMS OF LINKED IDEALS 37 

or (_l)i+J+'7ij = (-1)i+J1Ji be the 4 by 4 Pfaffian obtained from X or X 
by deleting the ith and jth rows and columns. Now we consider the R-ideals 

(5.1 ) 

and 

(5.2) K=I2(X13 XI4 XI5 XX I6 ) + (l15,116,125 ,126 ) 
X23 X24 X25 26 

= 12 (X13 XI4 XI5 ~16) + (li5 ,7i6 ,75611 ::; i ::; 4). 
X23 x 24 X25 26 

Here I is simply the ideal generated by all 4 by 4 Pfaffians obtained from X 
by deleting at least one of the last two rows and columns, and K is the ideal 
generated by the maximal minors of the matrix consisting of the first two rows 
of X and by the 4 by 4 Pfaffians of X which are obtained by deleting at least 
one of the last two rows and columns. 

We are now ready to list the main properties of the ideals I and K. To 
verify these properties we invoke the results of chapters three and four and 
perform computer computations using "Macaulay". 

Theorem 5.3. Let I and K be the ideals in (5.1) and (5.2). 
(a) I is a perfect prime ideal of grade 5, d(I) = 4, r(Rj I) = 2, Rj I is 

normal, and I satisfies (CI3). 
Moreover, I is generated by a d-sequence and every ideal in the linkage class 

of I is strongly Cohen-Macaulay. However, I ®R wRIT has nontrivial RjI-
torsion, in particular, I is not strongly nonobstructed. 

(b) K is a Gorenstein prime ideal of grade 5, d(K) = 5, and Rj K is normal. 
Moreover, K is strongly nonobstructed. However, K is not syzygetic, in par-

ticular, not strongly Cohen-Macaulay. 
Proof. We may assume that R = Q[X] and X56 = ° . 

We first prove part (a). Consider the R-ideals 10 = (/16,1;6' f36 ' f46 ' fs6) , 
12 = (I.. 5 ,1;5' /;5 ' h.5 '/56)' and let F be the 6 by 6 Pfaffian of X. Then 
10 and 12 are Gorenstein ideals of grade 3 [4, 2.1] and hence 10 is strongly 
non obstructed [10, 3.3] and strongly Cohen-Macaulay [13, Example 2.2]. Using 
the standard Pfaffian relations it is easy to see that there is a tight double link 
10 ~ II ~ 12 , where in the notation of Definition 1.5, 0;1 = F, 0;2 = fs6' 
P = h.6' 6 = h.5· Now obviously I = 10 + 12 , and since I contains the 
regular sequence 1..6,1;6' fs6 ,f35 ,h.5' it follows that grade I 2: 5 = 3 + 2. 
But then by Theorem 4.3, I is a perfect ideal of grade 5. Furthermore, a 
computation with "Macaulay" shows that HI (I) is Cohen-Macaulay. It is easy 
to see that v(I) = 9, and using the Jacobi criterion one readily checks that Rj I 
is (R2) and hence normal. Moreover, Remark 4.5 implies that r(Rj I) = 2 and 
that NCI(I) = NG(RjI). Thus to show that I satisfies (CI3), it suffices to 
prove that co dim NG(Rj I) 2: 4. However, since r(Rj I) = 2, we know that 
NG(Rj I) = V(Hj I) where H is the ideal generated by the entries of the last 
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map in a minimal free R-resolution of Rj I. Using "Macaulay" one easily sees 
that 

H=(x i ll :::;i<i:::;4)+I2(X IS x2S x3S X4S ) , 
} X I6 X26 X36 x 46 

and hence htH = 9. Thus codimNG(Rjl) = codim V(Hjl) = 4. 
We now show that every ideal in the linkage class of I is strongly Cohen-

Macaulay. Since this property is preserved under even linkage [13, 1.12], it 
suffices to prove that I and some ideal J directly linked to I are strongly 
Cohen-Macaulay. Now I is a perfect prime ideal with d(1) = 4. Then it 
follows from [15, 2.13, 2.14, 2.22], that I is strongly Cohen-Macaulay once we 
know that HI (I) is Cohen-Macaulay. But this we had seen earlier. Moreover, 
d(J) :::; r(Rj I) = 2, and hence by [3], J is also strongly Cohen-Macaulay. 

We know that d(1) = 4 and I satisfies (CI3). Thus v(Ip) :::; dimRp for all 
P E V(I), and since moreover I is strongly Cohen-Macaulay, it follows from 
[16, Theorem 2.4], that I is generated by ad-sequence. 

It remains to show that I ® R (j) RjJ has nontrivial Rj I -torsion. We do this by 
using Corollary 3.10. Consider the link J = (aI' ... ,as) : I, where a l = 1;6' 
a 2 = 1;6 - fs6' a 3 = 136 - hs' a 4 = h6 + hs' as = 1;s + 13S · We will prove 
that grade (I + J) ~ 6, that (I + J) ® R Rj I + J is Cohen-Macaulay, but that 
HI (I + J) is not Cohen-Macaulay. We first show how our claim will follow 
from this. Suppose that I ® R (j) Rj 1 is Rj I -torsion free. Since grade(I + J) ~ 6, 
it follows that I and J are geometrically linked, and since I and J are 
generically complete intersections and HI (I) and HI (J) are Cohen-Macaulay, 
we know that I and J are syzygetic. But then Corollary 3.10 would imply 
that 1+ J is syzygetic, and therefore HI (I + J) would be a first syzygy module 
of the Cohen-Macaulay module (I + J) ® R Rj I + J (cf. the discussion at the 
beginning of the third section). But this is impossible since HI (I + J) is not 
Cohen-Macaulay. 

Thus to complete the proof of part (a), we have to show that grade(I +J) ~ 6, 
(I + J) ® R Rj 1+ J is Cohen-Macaulay, and HI (I + J) is not Cohen-Macaulay. 
To this end, let"'" denote reduction modulo the R-regular sequence X I4 - x4S ' 

X 16 ' x26 ' x3S - X46 ' X36 - X4S · We may identify R' with the polynomial ring 
k[X I2 , x J3 ' XIS' x 23 ' X24 ' x2S ' X34 ' x3S ' x4S ]. Now a~, ... ,a~ still form an R'-

I ' , " h regu ar sequence, and hence by Lemma 1.9, J = (aI' ... ,as) : I . From t e 
homogeneous minimal resolution of R' j I' and the mapping cone construction 
in [28], it follows that (a'I' ... ' a~) : I' j(a~ , ... ,a~) has two homogeneous 
generators, one in degree 2 and one in degree 3. On the other hand, one sees 
from the relations on the generators of I' that the elements hI = xi3 + X I2 X23 -
xi4 and h2 = xisx34 are contained in (a'l' ... ,a~) : I' . Modulo (a~ , ... ,a~) , 
hI and h2 minimally generate an ideal. Therefore f = (a'l' ... ,a~) : I' = 

, , h ' , , 1· . (a!, ... ,as' I' h2), and hence I + J = (I ,hI' h2 ). Now we have an exp IClt 
homogeneous generating set of the ideal I' + f , and we are able to perform 
computer computations using "Macaulay". Then one easily checks that I' + f 
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has grade 6 and is generically a complete intersection. Thus by Lemma 1.10, 
(R' ,I' +J') is a specialization of (R, I +J) . In particular, I +J has also grade 6 
and is generically a complete intersection. Moreover, I + J is Gorenstein by 
Proposition 1.3. 

Write S = Rj 1+ J . It remains to show that (I + J)@RS is Cohen-Macaulay, 
whereas HI (I + J) is not Cohen-Macaulay. 

To this end let 
- , 
R = R j(X12 - X 34 - X 35 , X I5 - X 24 - X 34 , X I3 - X 25 ) 

~ k[x23 ,X24 ' X 25 ,X34 ,X35 ,X45 ], 

let" "denote images in R, and write 8 = Rj I + J. Notice that I + J = 
(l, hi ,h2 ) , providing us with an explicit homogeneous minimal generating set 
of 1+ J consisting of 11 elements. Using "Macaulay" one shows that /(8) = 
25. In particular, grade 1+ J = 6, and hence (R, 1+ J) is a specialization 
of (R, I + J). Since I + J is generically a complete intersection of grade 6, 
it follows that the S-module (I + J) @R S has a rank and that this rank is 6. 
Then by [9, 1.1], or [26], (I + J)@RS is a Cohen-Macaulay module if and only 
if 

On the other hand, 

/((I + J) @R S @s 8) = /(Rj(I + J/) -/(8) 

and the above equality becomes 

/(Rj(I + J)2) = 7 /(8). 

Now using "Macaulay" one checks that 

/(Rj(I + J)2) = 175 = 7 /(8). 

Thus (I + J) @R S is Cohen-Macaulay. 
Likewise, the first Koszul homology module of a minimal generating set of 

I +J , HI (I +J), has a rank as an S-module, and this rank equals d(/ +J) = 5. 
Now HI (I + J) is Cohen-Macaulay if and only if 

/(HI (I + J) @s 8) = 5 /(8). 

On the other hand, HI (I + J) @s 8 ~ HI (I + J) by [15, 2.15], and therefore 
the above equality becomes 

/(HI (I + J)) = 5 /(8). 

One can use "Macaulay" to compute the Hilbert series of BI (I + J) , the module 
of first boundaries in the Koszul complex of a homogeneous minimal generating 
set of I + J , and it follows that 

/(HI (I + J)) = 126> 125 = 5 /(8). 

Thus HI (I + J) is not Cohen-Macaulay. This finishes the proof of part (a). 
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We now prove part (b). Consider the R-regular sequence /;6' 1;6' 156 , /;5' 
145 in J, and the link L = (/;6,1;6' fs6 ' /;5' h.5) : J. As in the first part of the 
proof, one easily computes that 

L = (/16,1;6' fs6' 1 35 , h.5) + X 34 (X I2 , X I5 X 26 - X I6 X 25 )· 

Then L ct J and since J is prime by part (a), it follows that J and L are 
geometrically linked, and hence J + L/J ~ WRjI by Proposition 1.2(c). On the 
other hand, since X 34 ¢:. J and J is prime, there is an isomorphism of R/ J-
modules J +L/ J ~ (I, X 12 , X I5 X 26 -XI6 X 25 )/ J , and thus the latter module is also 
isomorphic to W RjI . Therefore (I ,X12 ,X15 X 26 - X 16 X 25 ) is a Gorenstein ideal 
of grade 6. However, from the defining equations of J and K one sees that 
(J, X 12 , X I5 X 26 - X 16 X 25 ) = (K, X I2 ), where x 12 is a regular element on R/ K . 
Thus K is a Gorenstein ideal of grade 5. One easily sees that v(K) = 10, and 
the Jacobi criterion implies that R/ K is (R I ) and hence normal. 

To show that K is strongly nonobstructed, but not syzygetic we proceed as 
in the proof of part (a). By" "we denote reduction modulo the R-regular 
sequence X I2 ,X13 - X 24 , X I4 + x I6 - X 34 , X I4 + X 24 + X 25 - X 45 , X I5 - X 26 , 

X23 + X 26 + X 45 , X 35 , X36 - X 45 , X 46 · Then R = k[X I3 , X I4 ' X I5 ,X16 'X23 ] • 

Write S = R/K and 8 = R/K. Using "Macaulay" one shows that 1(8) = 12. 
In particular, grade K = 5 and hence (R, K) is a specialization of (R, K) . 
Since K is generically a complete intersection, it follows as in the proof of part 
(a) that K ®R S is Cohen-Macaulay if and only if 

I(K ®R S ®s 8) = 5 1(8), 

which in turn is equivalent to I(R/ K2) = 72. However, using "Macaulay", we 
compute the Hilbert series of R/ K2 as 1 + 5t + 15t2 + 35t3 + 16t4 • Thus indeed 
1 CR. / K2) = 72 , and K ® R S is Cohen-Macaulay. Since S is Gorenstein it now 
follows that K is strongly nonobstructed. From the Hilbert series of R/ K2 we 
also see that the dimension of the degree 4 part of K2 is 54. On the other 

-2 -2 hand, all the generators of K sit in degree 4, and hence v(K ) = 54. But then 
-2 --

v(K ) = 54 < 55 = v(S2(K)) , and thus K cannot be syzygetic. 
Now suppose that K is syzygetic. Then there is an exact sequence 

10 0-+ HI (K) -+ S -+ K ® R S -+ O. 

Since K ® R S is Cohen-Macaulay, tensoring this sequence by ®s8 yields an 
exact sequence 

- -10 - -
O-+HI(K)®sS-+S -+K®R S -+ O 

- - - -10 
where by [15,2.15], HI (K)®sS ~ HI (K). Then the natural map HI(K) -+ S 
is injective, and hence K is syzygetic, which is impossible by the above. 0 

In the proof of part (a) of the theorem, one could have replaced the link J 
of J by the link L which was also used in the proof of part (b). However, the 
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computer computations for the latter ideal turned out to be considerably more 
complicated. On the other hand, if one would have only wanted to show that the 
module IQ!)RwR/1 is not Cohen-Macaulay, one could have directly computed the 
length of a zero-dimensional specialization of this module (instead of invoking 
Corollary 3.10). This was done by W. Vasconcelos using "Macsyma," and I 
am grateful for his help. I would like also to thank C. Huneke for his helpful 
comments concerning the material of this paper. 
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