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SUMS OF LINKED IDEALS

BERND ULRICH

ABSTRACT. It is shown that the sum of two geometrically linked ideals in the
linkage class of a complete intersection is again an ideal in the linkage class
of a complete intersection. Conversely, every Gorenstein ideal (of height at
least two) in the linkage class of a complete intersection can be obtained as a
“generalized localization” of a sum of two geometrically linked ideals in the
linkage class of a complete intersection. We also investigate sums of doubly
linked Gorenstein ideals. As an application, we construct a perfect prime ideal
which is strongly nonobstructed, but not strongly Cohen-Macaulay, and a perfect
prime ideal which is not strongly nonobstructed, but whose entire linkage class
is strongly Cohen-Macaulay.

INTRODUCTION

Let X and Y be two projective varieties of codimension g that have no
common components and no embedded components. Then X and Y are geo-
metrically linked if the scheme theoretic union XUY is a complete intersection
[28]. In this paper now, we are mainly interested in the structure of the scheme
theoretic intersection X NY of the two linked varieties X and Y .

More generally, two ideals / and J in a local Gorenstein ring R are said
to be linked (write I ~ J) if there is an R-regular sequence a = «/, ... ,a ¢
contained in /N J such that J = () : I and I = («) : J [28]. If moreover
I and J have no minimal primes in common, then the link I ~ J is called
geometric [28]. We say that an ideal I is /icci (in the linkage class of a complete
intersection) if there is a sequence of links [ ~ I, ~ --- ~ I with I a
complete intersection (standard examples of licci ideals include perfect ideals
of grade two, [2], [8], and perfect Gorenstein ideals of grade three, [35]). Peskine
and Szpiro have shown that if I and J are two geometrically linked Cohen-
Macaulay ideals of grade g, then I + J is a Gorenstein ideal of grade g + 1
[28], thus providing a way to construct Gorenstein ideals from Cohen-Macaulay
ideals of smaller grade. It seems natural to ask which properties are preserved
under this construction, as we pass from I or J to I +J. We are mainly
interested in the property of being licci, partly because other than linkage, only
very few methods are known of obtaining new licci ideals from given ones.

Received by the editors June 8, 1988.

1980 Mathematics Subject Classification (1985 Revision). Primary 13H10; Secondary 13CO05,

13D10.
The author’s research was partially supported by the NSF.

© 1990 American Mathematical Society
0002-9947/90 $1.00 + $.25 per page



2 BERND ULRICH

Now let R be a local Gorenstein ring with infinite residue class field. We
are going to show that the sum of two geometrically linked licci R-ideals is
indeed a licci (Gorenstein) ideal (Theorem 2.1). As a partial converse we prove
that every licci Gorenstein R-ideal (of grade at least two) can be obtained as
a generalized localization of a sum of two geometrically linked licci R-ideals
(Theorem 2.17). Here “generalized localizaton” is a technical notion comprising
localization, deformation, specialization, and purely transcendental changes of
the residue class field (Definition 1.8). This notion cannot be deleted in the
statement of Theorem 2.17, since there exist licci Gorenstein ideal which are
not equal to a sum of two geometrically linked licci ideals (Proposition 2.5,
Corollary 2.7, Example 2.8). Combining Theorems 2.1 and 2.17, we eventually
obtain the following characterization: Let K be an R-ideal of grade at least two,
then K is a licci Gorenstein ideal if and only if K is a generalized localization
of the sum of two geometrically linked licci R-ideals (Corollary 2.28). To prove
these results, we repeatedly modify the links in question by using the notion of
generalized localization, and eventually reduce the claim to the case, where
the ideals have grade one or two and the problem can be solved by explicit
computation. These proofs can be found in the second section of the paper,
whereas the necessary background information about generalized localization is
developed in the first section.

In the third section, we deal with the question of how depth conditions on the
Koszul homology and the twisted conormal module pass to the sum of geomet-
rically linked ideals (Corollary 3.10, Theorem 3.11). To answer this question,
we need another result which might be of independent interest (Theorem 3.1,
Corollaries 3.4 and 3.5): Let I and J be two Cohen-Macaulay ideals which are
linked in an odd number of steps, then the depth of the first Koszul homology
of I equals the depth of the second symmetric power of the canonical module
of R/J (whereas by Huneke, [13], the depths of the first Koszul homologies of
I and J coincide, in case I and J are linked in an even number of steps).

In the fourth section, we turn our attention to the sum of ideals which are
linked in two steps. Let I, ~ I, ~ I, be a double link where now [ and I, are
Gorenstein R-ideals of grade g. We further assume that (R,1,) and (R,,)
have no common deformation (cf. Definition 1.7). In this situation, we show
that I, ~ I, ~ I, is a tight double link in the sense of Kustin and Miller ([24],
cf. Definition 1.5) (Proposition 2.16), and that the “generic” grade of the sum
I,+1, is g+2 (Lemma 4.1, Remark 4.2). Thus it is natural to suppose that
I, +1I, has grade at least g+ 2, and with this assumption, we show that 1, + I,
is a Cohen-Macaulay ideal of grade g + 2 provided the first Koszul homology
of .I, is Cohen-Macaulay (Theorem 4.3).

In the fifth section, we use the results of the preceding two sections to con-
struct two examples. Recall that an ideal I is called strongly Cohen-Macaulay
if all the Koszul homology modules of I are Cohen-Macaulay, and strongly
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nonobstructed if I tensored with the canonical module of R/I is a Cohen-
Macaulay module (for the significance of these notions in the study of blowing-
up rings, residual intersections, and deformations, cf. [5], [10], [12], [14], [16],
[21], [30], [31]). Huneke has shown that the strong Cohen-Macaulayness is
preserved under even linkage ([13], [15]), and Buchweitz has proved that the
property of being strongly nonobstructed passes through any number of links
([5], cf. also [6]). In particular, if I is licci, then the entire linkage class of
I is strongly Cohen-Macaulay and I is strongly nonobstructed. Now in the
last section of this paper, we consider a sum of two doubly linked Gorenstein
ideals to construct a perfect prime ideal (generated by a d-sequence) which
is not strongly nonobstructed, but whose entire linkage class is strongly Cohen-
Macaulay. Conversely, we essentially take a sum of two geometrically linked per-
fect ideals to obtain a Gorenstein prime ideal which is strongly nonobstructed,
but not strongly Cohen-Macaulay (Theorem 5.3). By the results of Buchweitz
and Huneke, the two ideals cannot be licci, thus demonstrating that neither the
strong Cohen-Macaulayness of the entire linkage class nor the strong nonob-
structedness of the ideal suffice to characterize licci ideals.

1. LINKAGE AND GENERALIZED LOCALIZATION

In this section we fix the notation that will be used throughout the paper
and list some general results concerning linkage. We also introduce the notion
of generalized localization and derive its basic properties, which will play an
important role in the next section.

In this paper, “ideal” will always mean proper ideal. Let (R, m) be a Noethe-
rian local ring, let / be an R-ideal, and let M be a finitely generated R-module.
Then /(M) denotes the length of M, v(M) is the minimal number of genera-
tors of M, M satisfies Serre’s condition (S, ) if depth M, > min{k, dim R,}
for all p € Spec(R), and we say that M has a rank and that this rank is
nif M, = @" R, forall p € Ass(R). By S,(M) we denote the nth sym-
metric power of M . The grade of I, gradel, is the maximal length of an
R-regular sequence inside 7, and the deviation of I, d(I), is the difference
v(I)-grade I. The ideal I is called unmixed if all associated primes of I have
the same height in R, and [ is a complete intersection (almost complete in-
tersection) if d(I) = 0 (d(I) < 1 respectively). We will often say that I is
Cohen-Macaulay or Gorenstein, by which we mean that the ring R/I has any
of these properties. An ideal in a local Cohen-Macaulay ring is called perfect
if it is Cohen-Macaulay and has finite projective dimension. Further we define
V(I)={p € Spec(R)|I cp}, NCI(I)={p € V(I)|1, not a complete intersec-
tion}, and NG(R) = {p € Spec(R)|R, not Gorenstein } . The ideal I satisfies
(CI,) if dim(R/I), > k for every p € NCI(I), I is generically a complete
intersection if / is unmixed and (C/), and the ring R satisfies Serre’s condi-
tion (R,) if R, is regular for all p € Spec(R) with dimR, < k. By w, we
denote the canonical module of R (in case it exists), and r(R) is the type of R
(in case R is Cohen-Macaulay). Of course, r(R) = v(wg). If X is a finite set
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of variables, we write R(X) = R[X limy- BY 1, we denote the ¢ by ¢ identity
matrix, and for a matrix A4 with entries in R, [ (4) is the R-ideal generated
by all ¢ by ¢ minors of 4.

Definition 1.1 [28]. Let / and J be two ideals in a (not necessarily local)
Gorenstein ring R.

(a) I and J are said to be linked (with respect to «) (write I ~ J) if there
exists an R-regular sequence o = o, ...,a, in I'NJ such that J = (a) : [
and I =(a):J.

(b) I and J are said to be geometrically linked if I and J are linked and
if in addition Ass(R/I)NAss(R/J)=O.

g

Notice that in the above definition, / and J are not allowed to be unit
ideals, and that I and J are automatically unmixed ideals of the same grade
g. Moreover, I and J are geometrically linked if and only if / and J are
linked and grade(/+ J) > g+ 1. In this case, INJ = (a) [28].

Proposition 1.2 [28]. Let R be a (not necessarily local) Gorenstein ring, let I
be an unmixed R-ideal of gradeg, let o = «, ... ,« ¢ be a regular sequence
contained in I with (a) # 1, andset J = (a):I. Then
(a) I =(a):J (i.e, I and J are linked).
(b) I is Cohen-Macaulay if and only if J is Cohen-Macaulay.
(c) Let in addition R be local and assume that I is Cohen-Macaulay. Then
gy = I/(a) and wg; = J/(a). In particular, r(R/J) = v(I/(a))
and r(R/I) =v(J/(a)).

It is immediate from Proposition 1.2(c) that if I is Gorenstein, then J
is an almost complete intersection. Conversely, if J is an almost complete
intersection, but not a complete intersection, then I is Gorenstein if and only
fa=a,... 0 form part of a minimal generating set of J .

Proposition 1.3 [28]. Let R be a local Gorenstein ring, let 1 and J be two
geometrically linked Cohen-Macaulay ideals of grade g, and set K =1+ J .
Then K is a Gorenstein ideal of grade g + 1.

The ideal K from the above proposition is clearly the preimage in R of a
canonical ideal of R/I, because

K/[I=1+J/1=J]InJ=J/(a)Z o,

(cf. Proposition 1.2(c)). Proposition 1.3 also provides a natural way of con-
structing Gorenstein ideals from Cohen-Macaulay ideals of smaller grade. We
are going to address the question of which Gorenstein ideals K actually arise
in this way as a sum of two geometrically linked Cohen-Macaulay ideals I and
J, and which properties of I or J are preserved as we passto K =1+ J.
We are particularly interested in the property of being in the linkage class of a
complete intersection:
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Definition 1.4. Let / be an ideal in a local Gorenstein ring R.

(a) I is said to be in the linkage class of an R-ideal J if there is a sequence
oflinksin R, I =[y~1I ~---~1I =J.If n iseven (odd) then I is in the
even (odd) linkage class of J,and if n =2 then I and J are doubly linked.

(b) I is called licci if it is in the /inkage class of a complete intersection ideal.

It follows from Proposition 1.2(b) that licci ideals are automatically Cohen-
Macaulay. Before we proceed, several more definitions are needed.

Definition 1.5 [24]. Let R be a local Gorenstein ring, and let [, ~ I, ~ I, be
a sequence of links in R, where I, and I, are Gorenstein R-ideals of grade
g > 0. Then [, ~ I, ~ I, is called a tight double link, if there are elements
B.0,a=qa,...,« g—1 in R, suchthat a, # isan R-regular sequence defining
the link [, ~ 1, «,d is an R-regular sequence defining the link /| ~ I, , and
I, =(a,B,0).

Definition 1.6 [18]. Let (R,]) and (S,J) be pairs, where R,S are Noetherian
rings,and /I C R, JC S areidealsor /=R or J=S.

(a) We say that (R,I) and (S,J) are isomorphic, and write (R,])
(S,J), if there is an isomorphism ¢: R — S with ¢(I)=J.

(b) We say that (R,I) and (S,J) are equivalent, and write (R,I) =
(§,J), if there are finite sets of indeterminates X over R and Z
over S such that (R[X],IR[X]) = (S[Z],JS[Z]).

(c) In addition assume that R and S are local. We say that (R,/) and
(S,J) are generically equivalent, and write (R,I) & (S,J), if there
are finite sets of indeterminates X over R and Z over S such that
(R(X),IR(X))=(S(Z2),JS(Z)).

1

Definition 1.7 [18]. Let (R,/) and (S,J) be pairs as in Definition 1.6(c).

(a) We say that (S,J) is a deformation of (R,I) (or equivalently, (R,I)
is a specialization of (S,J)) (with respect to a), if there is a sequence
acS, a=(a,...,a,), which is regular on § and S/J such that
(S/(a),(J +a)/(a)) = (R,]).

(b) We say that (S,J) is essentially a deformation of (R,I), if there is
a sequence of pairs (S;,J;), 1 < i < n, with (§,,J)) = (R,]),
(S,,J,) = (S,J), such that for each 1 < i < n -1, one of the fol-
lowing conditions is satisfied:

1) (S5 di) = ((Si)p , (Ji)p) for some p € Spec(S,) .

(i) (S,.,,J;,,) is a deformation of (S;,J,).

(iii) (Sy> ) B (S;, ).

i+1?
We have to introduce yet another relation between pairs of rings and ideals.

Definition 1.8. Let (R,I) and (S,J) be pairs as in Definition 1.7. We say
that (R, 1) is a generalized localization of (S,J) if there is a sequence of pairs



6 BERND ULRICH

($;,J,), 1 <i<n,with (§,,J)) =(5,7), (S,,J,) = (R,I), such that for

n’>%n
each 1 <i<n-1, one of the following conditions is satisfied:
1) (S;p5J00) = ((Sl.)p,(J,.)p) for some p € Spec(S;) such that S,/p is
regular.
(i) (S;,,,J,,,) is a deformation of (S;,J;).
(i) (S, Jiy) is a specialization of (S,,J,).

(iv) (8;,J) =(S,,(Z2),J,,,S(Z)) for some finite set of variables Z over
i+1°

Next we have to record in which way linkage is compatible with the operations
in Definitions 1.7 and 1.8.

Lemma 1.9 [17, 2.12]. Let S be a local Gorenstein ring, let J be a Cohen-
Macaulay S-ideal of grade g, andlet B =, ...,B ¢ be an S-regular sequence
contained in J with (B) # J. Let (R,I) be a specialization of (S,J) with
respect to the regular sequence a, and let =, ... ,a ¢ C I be the image of
B under the specialization modulo (a).

Ifa=a,... S0l form an R-regular sequence, then (R,(a) : 1) is a spe-
cialization of (S,(B):J) with respect to a.

Lemma 1.10. In addition to the assumptions of Lemma 1.9, suppose that o =
ap, .0 form an R-regular sequence and that the link I ~ (a) : I is geomet-
ric.

Then also the link J ~ (B) : J is geometric, and (R,I + (() : I)) is a
specialization of (S,J + ((B): J)) with respect to a.

Proof. By Lemma 1.9,
R, I+ ((a): 1)) = (S/(a),(J,(B): ] ,a)/(a)).
In particular,
grade(J + ((B):J)) > grade(I + () : I)) = g + 1.

Therefore the link J ~ (B) : J is geometric. But then grade(J + ((8): J)) =
g + 1 (by Proposition 1.3), hence

grade(J + ((B) : J)) = grade(I + ((«) : I)).

This together with the fact that S/(J+((B): J)) is Cohen-Macaulay (by Propo-
sition 1.3), now implies that a is regular on S/(J + ((B) : J)). Therefore
(R, I+ ((a): I)) is a specialization of (S,J + ((B):J)) with respectto a. O

Lemma 1.11. Let S be a local Gorenstein ring, let J be a licci S-ideal, let
(R, 1) be a generalized localization of (S,J), and assume that the residue class
field of R is infinite.

Then I is a licci R-ideal.
Proof. We use the notation of Definition 1.8. Let X be an indeterminate, then
for 1 < i < n we replace (S,,J;) by (S,(X),J;(X)) and set (S J

n+lo n+l) =
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(R,I), to assume that the residue class fields of S, are infinite for 1 <i<n+1.
Moreover, S; are Gorenstein rings, J, are Cohen-Macaulay S;-ideals, and we
may assume that gradeJ; > 0. Under these assumptions we have to show that
the property of being licci is preserved as we pass from (S,,J;) to (S, ,,J, ),
where (S,,,,J/,,,) is obtained from (S,,J;) by one of the four operations in
Definition 1.8. For operation (i) the claim is trivial, for (ii) it follows from [18,

2.16], for (iii) from [33, 1.6], and for (iv) from [19, 2.12] O

Definition 1.12 [18]. Let R be a (not necessarily local) Gorenstein ring, let I be
an unmixed ideal of gradeg > 0, let f= f ,...,f, be a generating sequence
of I,let X bea g by n matrix of indeterminates over R, and consider the

R[X]-regular sequence a =a, ... ,o, with
@,y A

S ERS
a, f;,

(a) Then L (f) = (a)R[X]:IR[X] C R[X] is called the first generic link of
I (with respect to f).

(b) Let R be local, and let I and g be either as above, or I = R and
g > 0 arbitrary. Then Ll(f) = (a)R(X) : IR(X) C R(X) is called the
first universal link of I (with respect to f).

In [18, 2.11], we showed that up to equivalence of pairs in the sense of
Definition 1.6(b), the definition of (R[X], L,(f)) only depends on I, but not
on the choice of f. We therefore write L,(I) instead of L (f), and iterate the
above process in order to define L (I) = L,(L,_,(I)) for i > 1 (set Ly(I) =1).
We call L,(I) an ith generic link of I. We also proved that up to generic
equivalence of pairs in the sense of Definition 1.6(c), (R(X), L' (f)) is uniquely
determined by . Thus we write L'(I) = L'(f), and call L'(J) = L'(L'”'(I))
(i > 1) an ith universal link of I (set L°(I)=1).

The next result describes the main property of generic linkage.

Theorem 1.13 [18, 2.17]). Let (R, m) be a local Gorenstein ring, let I be a
Cohen-Macaulay R-ideal with gradel > 0, andlet I =1,~1 ~---~ 1, be
any sequence of links in R = R,. For 1 < i < n consider ith generic links
L,(I) C R,, where R, is a polynomial ring over R,_,. Set S=R, .

Then there exists a prime ideal q in S with m C q, such that for all 1 <
i<n, (S,,L(I)S,) is deformation of (R,1).

For the purpose of this paper however, we need to have better control over the
location of the prime ideal ¢ in Theorem 1.13. This information is contained
in the next theorem.

Theorem 1.14. Let (R,m) be a local Gorenstein ring, and let I and J be
two linked Cohen-Macaulay R-ideals of gradeg > 0. Let f=f,,...,f, bea
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generating sequence of I, let X be a generic g by n matrix, let
@ N
Cl=x ],
a, £,
and consider the first generic link L (I) = L,(f) = (a)R[X] : IR[X].
Then there exists a prime ideal q in R[X] such that m C ¢ C (m,X),
(R[X]/q)(m’X) is regular, and (R[X1,,L\(I),) is a deformation of (R(Z),

JR(Z)) for some finite set of variables Z . In particular, (R,J) is a gener-
alized localization of (R[X](m x> L (D m ,X)) .

Proof. Let B,,...,pB ¢ be an R-regular sequence defining the link 7 ~ J, and
let A bea g by n matrix with

By i

D=4l

B, £,
Only by using elementary row operations and hence without changing the se-
quence f,...,f, and the ideal (B, ... ,Bg)R , we may assume that

A — ItXt B
0 C
where I, , is the ¢ by ¢ identity matrix, B isa ¢ by n—¢ matrix, and C is

a g—1t by n—t matrix with entries in m. In the same fashion, we decompose
()
X =
V w

where Z isa t by ¢ matrix. Now set
qgq=(m,U-ZB,V ,W)R[X].

Then g has the following properties: g is a prime ideal in R[X], R[X]/q =
R/m[Z] is regular, and m C g C (m,X). Then clearly (R,J) will be a
generalized localization of (R[X lim x) L, (I )(m x)) once we have shown that
(R[X1,,L,(I1),) is a deformation of (R(Z),JR(Z)).

Since the entries of the matrix C are in m , and from the definition of ¢, it
follows that the sequence a consisting of the entries of the matrices U — ZB,
V, W — C are contained in ¢, and hence forms an R[X] q-regular sequence.
Moreover, R[X]q/(a) = R(Z). Now let IT: R[X], — R(Z) denote the reduc-
tion modulo (a). Then

(Z | zZB\ (Z | O )
H(X)_\0| )—(OII A.

g—txg—t
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In particular,
I(a,) A
: = I(Xx)) | :
(e,) A

_ (Z 0 )
0 Ig—txg-—t ﬁg

However, since the matrix Z is invertible over R(Z), we conclude that
H(a) = (a)), ..., I(ay)

form an R(Z)-regular sequence which generates the same R(Z)-ideal as S,
,Bg. Then Lemma 1.9 implies that (R[X]q,(al ) an ,ag)R[X]q : IR[X]q)
is a deformation of (R(Z),(B,, ... ,ﬂg)R(Z) : IR(Z)). But the first pair is
(R[X]q,Ll(I)q) , whereas the second pair is (R(Z),JR(Z)). O

Combining the proof of Theorem 1.14 and Lemma 1.10 we obtain immedi-
ately:

I
—
o|N
O?N
X |o
o
L
~—
hN

Corollary 1.15. In addition to the assumptions of Theorem 1.14, suppose that
the link I ~ J is geometric.

Then (R[X],,(IR[X]+L\(I)),) isa deformation of (R(Z),(I + J)R(Z)).
In particular, (R,I + J) is a generalized localization of

(RIX] 1) (TIRIXT 4 L, (1)) 1 x))-

Remark 1.16. Under the assumptions of Corollary 1.15, consider the first uni-
versal link L'(I) = L'(f) = L, (HR(X).
Then (R(X),IR(X)+ L'(I)) is essentially a deformation of (R,I+J).

Proof. The claim follows from Corollary 1.15, since m C g and hence R(X)
is a localization of R[X] g O

We also remark that instead of considering just one link I ~ J, one could
easily generalize Theorem 1.14, Corollary 1.15, and Remark 1.16 to statements
concerning a whole sequence of links (similar to Theorem 1.13). The next
observation will play a crucial role in the second section of this paper, since it
enables us to modify a given link by using generalized localizations.

Corollary 1.17. Let (R, m) be a local Gorenstein ring, and let I be a Cohen-
Macaulay R-ideal. We consider links I ~ J, and I ~ K, and assume that the
regular sequence defining the link I ~ K is contained in ml .

Then (R,J) is a generalized localization of (R,K). If moreover both links
I~ J and I ~ K are geometric, then (R,I + J) is a generalized localization
of (R,I+K).

Proof. If gradel = 0, then K = J, and the claim is obviously true. So let
gradel > 0.
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We use the notation of Theorem 1.14, and set S = R[X ](m X - Then by The-
orem 1.14, (R, J) is a generalized localization of (S, L,(/)S), and by Corollary
1.15, (R,I +J) is a generalized localization of (S,IS + L,(I)S) in case the
link I ~ J is geometric.

On the other hand, let g =§,,...,8 , be the regular sequence defining the
link 7 ~ K. Then there existsa g by »n matrix 4 with entries in m such that

B, /i

=4

8, f,
Now the entries of the matrix X — 4 are contained in the maximal ideal of
S, and hence form an S-regular sequence. Modulo this sequence, «, ...,
specializes to the R-regular sequence f,, ..., B, Therefore (S,L,(1)S) =
(S, (a, ... ,ag)S:IS) is a deformation of (R,K) = (R, (B,, ... ,[)’g) : 1) (by
Lemma 1.9), and (S,1S + L,(I)S) is a deformation of (R,/ + K) in case the
link I ~ K is geometric (by Lemma 1.10). O

Remark 1.18. Given any link I ~ J as in Corollary 1.17, one can always find a
link I ~ K such that the regular sequence defining the link I ~ K is contained
in mlI and such that the link 7 ~ K is geometric in case I ~ J is geometric.

2. SUMS OF LICCI IDEALS

We are now able to prove one of our main results.

Theorem 2.1. Let R be a local Gorenstein ring with infinite residue class field,
and let I and J be geometrically linked licci R-ideals.
Then I+ J is licci.

Proof. Our assumptions imply that gradel > 0. Since I and J are linked
and [ is licci, there is a sequence of linksin R, J ~ [ = Iy~1 ~ -~ 1
such that I, is a complete intersection.

We will prove the theorem by inductionon n. If n =0, then I =1, isa
complete intersection, and as I + J/I = w, /1 is cyclic (by Proposition 1.2(c)),
it follows that I+ J is a complete intersection. Therefore we may assume that
n > 0 and that our result is true for smaller 7.

By m we denote the maximal ideal of R. In R[X], consider a sequence
of generic links of I, IR[X] ~ L,(I)R[X] ~ --- ~ L, (I)R[X]. Then by
Theorem 1.13, there exists a prime ideal ¢ in R[X] with m C g, such that
(R[X]q,Ln(I)R[X]q) is a deformation of (R,[)). In particular, L, (I)R[X],
is a complete intersection. Moreover, JR[X ]q and I/R[X] , are linked, and
(R[X], ,IR[X]q + JR[X]q) is a deformation of (R,I + J). Hence by Lemma
1.11 it suffices to prove that IR[X] , T JRIX], is licci. Now we may replace
J~I=1I~1 ~---~1I bythe sequence of links

JR[X], ~ IR[X], = I,R[X], ~ L,(R[X], ~ -~ L (R[X],.



SUMS OF LINKED IDEALS 11

Since I and J are geometrically linked, I is generically a complete inter-
section, and hence the link /R[X] ~ L,(I)R[X] is geometric [17, 2.5]. In
particular, IR[X] , and L (I)R[X] , are geometrically linked. Returning to
our original notation, we may therefore assume that in the sequence of links
J~1=1I~1 ~--~1,1I and I are geometrically linked. From the
induction hypothesis, applied to /;, we then conclude that I+ 1, is licci. Now
our theorem follows from the next Proposition 2.2 and Lemma 1.11. O

Proposition 2.2. Let R be a local Gorenstein ring, and let J ~ I ~ L be two
geometric links of Cohen-Macaulay R-ideals of positive grade.

Then (R,I+J) is a generalized localization of (R, H), where H is an ideal
doubly linked to I + L.

Proof. Let a = |, ... ,a, be an R-regular sequence defining the geometric
link I ~ L. Since dimR > grade(/ + L) = g + 1, one can easily see that
there exist elements x , ... s Xg in m, the maximal ideal of R, such that
Xjap, ..., X,a, form an R-regular sequence and moreover, x; ¢ p for all
p € Ass(R/(a)) and all 1 < i < g. In particular, if we set x = f;l X, , then
N from an R-regular sequence. Since the link I ~ L defined by
a is geometric, it follows that for all p € Ass(R/I), I, =(ap,... ,ag)Rp ,
and hence I, = (X, ... ,xgag)Rp because x;, ¢ p. Thus if we set K =
(X0 5 eee ;X g) : I, then I and K are geometrically linked with respect to
XpQps s X0,

However, since the regular sequence x,a,, ... ,Xx 2% is contained in mlI , we
may use Corollary 1.17 to conclude that (R, +J) is a generalized localization
of (R,I+ K). Thus it suffices to prove that H = I + K is doubly linked to

I+L.

But now K = (x,a, ... s Xt g) : I can be easily expressed in terms of
L=(cx,... ,ag):I. Since
Xy ay
;| =4
Xgag C!g
with
X, 0
A= . ,
0 X,

and det4 = [[%, x, = x, it follows from [5, 6.1.11], that K = (x,a,, ...,
X0, ,xL). In particular, / + K = I + xL, and it remains to show that I + xL
and I + L are doubly linked.

To prove this claim we may pass to the factor ring R = R/ (@, ..., g) ,
because both ideals in question contain the regular sequence «, ... ,a g By

73]

, we denote images in R. Since I and L are geometrically linked with

respect to a, ..., a,, it follows that TNL =0 and grade(/ + L) = 1. Recall
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that by our choice of x,... s Xg s the elements «, ... g, X form an R-
regular sequence, and hence X is regular on R. Moreover, I + XL and 7+ L
are unmixed ideals of grade one in a local Gorenstein ring. In this situation, the
next Lemma 2.3 implies that 7 + XL and T + L are doubly linked in R. O

Lemma 2.3. Let R be a Noetherian local ring, let I and L be R-ideals such
that INL =0 and grade(I + L) > 1, and let x be an R-regular element.

Then there are elements a € I and b € L such that a+ b is an R-regular
element, a+ xb is an R-regular element, and (a+b)R: (I + L) = (a+ xb)R:
(I+xL).

Proof. Since grade(/ + L) > 1 and x is regular on R, it follows that
grade(/ + xL) > 1. Thus I + xL contains an R-regular element, which au-
tomatically has the form a + xb with a € I and b € L. Now suppose that
a+ b is a zero divisor in R, then a+ b € p for some p € Ass(R). However
0 =InNnL, hence Ass(R) C Ass(R/I) U Ass(R/L) and we may assume that
a+bep forsome p e Ass(R/I). But also a € p, hence b € p, and therefore
a + xb € p, which is impossible since a + xb is R-regular and p € Ass(R).

Thus we have seen that a + b and a + xb are R-regular elements.

To prove the equality of the colon ideals, first observe that InxL c INL =0.
Therefore I+ L=I1I®L and I+xL=I1I&xL. Butthen re(a+b)R : (/+L)
if and only if for all ¢ € I and d € L there exists an element s € R such that
cr=as and dr = bs. Since x is R-regular, the latter condition is equivalent
to the statement that for all ¢ € I and xd € xL there exists an element s € R
such that ¢r = as and xdr = xbs. This in turn holds true if and only if
re(a+xb)R:(I+xL). O

Remark 2.4. Let R be alocal Gorenstein ring, and let [y ~ I, ~---~ 1, _ | ~1,
be a sequence of geometric links of Cohen-Macaulay R-ideals with positive
grade. Then repeated application of Proposition 2.2 implies that (R,I, + 1)
and (R,I,_, +1,) share any property which is preserved under even linkage
and generalized localization.

The second main result in this section will contain a partial coverse of The-
orem 2.1. We will prove that every licci Gorenstein ideal (of grade at least two
in a local Gorenstein ring R with infinite residue class field) is a generalized
localization of a sum of two geometrically linked licci R-ideals (Theorem 2.17).
Theorem 2.17 is in some sense the best possible result, since one cannot expect
that every licci Gorenstein ideal is actually equal to a sum of two geometrically
linked licci ideals. To see this we provide the following obstruction for an ideal
to be the sum of linked ideals:

Proposition 2.5. Let R be a regular local ring, and let 1 and J be two geomet-
rically linked licci R-ideals which are not both complete intersections.

Then R/1+ J does not satisfy Serre’s condition (R,). Moreover, if R/I+J
satisfies (R,), then R/I + J is not factorial.
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Proof. We may assume that I is not a complete intersection. In the first part of
the proof we reduce the problem to the case where J is a complete intersection.

Consider ith universal links of 7, L'(I ) C R', where LO(I )=ICR= R°,
and for i >0, R’ is obtained from R by a purely transcendental extension
of the residue class field. Let n > 0 such that L"(I) # R" , then also L'(I) # R’
for 0 <i<n (cf. (18, 2.13]). In particular, L' '(I)R' and L'(I) are linked in
R', and these links are geometric since I is generically a complete intersection
(cf. [17, 2.5)).

We will prove by induction on n > 0, that (R",L"”'(I)R" + L"(I)) is es-
sentially a deformation of (R,I + J). But for n = 1, this is the content of
Remark 1.16. Solet n > 1. We may apply our result for n = 1 to the geometric
link L"~'(I) ~ L" *(I)R"™" and conclude that (R",L" "(I)R"+L"(L"~'(I)))
= (R",L"Y(DR" + L"(I)) is essentially a deformation of (R"™',
L"'(I)+ L" *()R"™"), which by induction hypothesis, is essentially a de-
formation of (R,I+J).

Since I is licci, but not a complete intersection, it follows from [18, 2.17],
that there exists an n > 0 such that L"(I) is a complete intersection, but
L"—'(I ) is not a complete intersection. Now suppose that R/I + J satisfies
(R,),orthat R/I+J is (R,) and factorial. Then since (R" ,L" Y(DOR"+L"(I))
is essentially a deformation of (R,I + J), we conclude that

R'/(L" " (DR" + L" (D))

also would have to be (R,) or factorial respectively (the factoriality is preserved
under essentially a deformation since R/I+J satisfies (R,), cf. [25, (D-S)'].
Thus replacing the link I ~ J by the link L"~'(I)R" ~ L"(I), we may from
now on assume that I is not a complete intersection, but J is a complete
intersection.

Since I is directly linked to a complete intersection, but is not a complete
intersection itself, there exists a prime ideal p in R with I C p such that
dim(R/I)p < 4, and Ip is not Gorenstein (cf. [18, 3.1 or 4.2(b)]). Then
automatically / +J C p, and dim(R/I + J), < 3. Thus replacing R by R,,
it suffices to show that R/I + J is not factorial (and hence not regular). By the
choice of p we may assume that I is not Gorenstein.

Solet x,,...,x . be a regular sequence generating the complete intersection
J,let a, ..., < be a regular sequence defining the link 7 ~ J, and write
a Xy
Qg Xe

where 4 isa g by g matrix with entires in R. We may even assume that

A= Ig—rxg—l 0
0 B
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with B a ¢ by ¢t matrix whose entries are contained in m , the maximal ideal

of R. Since I = (a,, ... ,ag) LG A ,xg) is not Gorenstein, it follows that
2 < r(R/) = v((x,, ... X ) (e, .. ,ag)) =t (cf. Proposition 1.2(c)). On
the other hand, I = (a, ... Qs detd) = (a, ..., a,, det B) (e.g. [18, 3.1]),
and therefore I +J = (x,,...,x,,detB). Now R/I+J cannot be factorial,

because det B is the determinant of a matrix whose entries are in » and whose
size is at least 2 (cf. [1] or [7, the proof on p. 124]). O

Remark 2.6. In contrast to Proposition 2.5, it is easy to construct rings of the
form R/I + J that do satisfy (R,). Let R’ be a regular local ring, let I' be
a licci R'-ideal of positive grade such that R'/I' satisifes (R,) (at least after
deformation, the latter condition holds for any licci ideal, cf. [32]), let L (1 e
R'[X] be a first generic link of I, g € Spec(R'[X]) with I'R'[X]+L,(I') Cq,
R=FR[X],, I=IR,and J = L,(I)R. Then I and J are geometrically
linked licci R-ideals and R/I+J satisfies (R,) (the latter claim was essentially
proved in [17, 2.8 and 2.9]).

Corollary 2.7. Let R be a regular local ring with infinite residue class field, and
let K be an R-ideal which is not a complete intersection.

Then (R,K) has a deformation (R,K ) such that K is not the sum of two
geometrically linked licci R-ideals.

Proof. We may assume that K is the sum of two geometrically linked licci
R-ideals. But then K itself is licci by Theorem 2.1, and hence (R,K) has a
deformation (R, K) such that R/K satisfies (R;) (cf. [32]). Now suppose that
K is the sum of two geometrically linked licci R-ideals I and J. Neither I
nor J could be a complete intersection since K is not a complete intersection.
But then Proposition 2.5 implies that R/K could not be (R;). O

Example 2.8. Let R be a regular local ring, let K bé an R-ideal of grade 3
which is not a complete intersection, and assume that R/K satisfies (R;).

Then K is not the sum of two geometrically linked Cohen-Macaulay R-
ideals.

Proof. The claim follows immediately from Proposition 2.5, since the Cohen-
Macaulay ideals of grade 2 in a regular local ring are automatically licci, [2],
[8]. O

We now aim at proving our second main result, which says that every licci
Gorenstein ideal (of grade at least two in a local Gorenstein ring with infinite
residue class field) is a generalized localization of a sum of two geometrically
linked licci ideals (Theorem 2.17). In the proof of the theorem, we will proceed
by induction on the number of steps necessary to link the licci Gorenstein ideal
to a complete intersection. To do so, we first have to prove that we can “lift”
links through generalized localizations and still retain certain properties, such as
Gorensteinness. This is the content of a set of lemmas which follow now and in
particular of Lemma 2.14 and Corollary 2.15 (it is also for the proof of Lemma
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2.14 that we need the regularity assumption in Definition 1.8(i)). A second
ingredient in the proof of Theorem 2.17 is Proposition 2.16 which establishes
the ubiquity of tight double links (cf. Definition 1.5) and which enables us to
replace double links of Gorenstein ideals by tight double links.

Lemma 2.9. Let (R, m) be alocal Cohen-Macaulay ring, andlet 1=(f,, ..., f,)
be an R-ideal with gradel > g > 0.
Then there are elements a;,€m, 1<i<g, 1<j<n, such that for
v, = i+ Z, 1“:1 RN form an R-regular sequence.
Proof. 1t suffices to treat the case g = 1. Write Ass(R) = {q,,...,4,,4,,,>
..,q,} where 0 <r <s,suchthat f €q; for 1 <i<r,and f ¢ g; for
r+1<i<s.Then mIn(_,, q; ¢ U_, 4g,, and we take y, = f, + h with
heml, heq, for r+1<i<s,and h ¢ g, for 1<i<r. O
Lemma 2.10. Let R be a local Cohen-Macaulay ring, let I be an R-ideal with
gradel > g > 0, let p be a prime ideal in R with I C p, and let a =
a0 be an Rp—regular sequence contained in Ip.
Then there exists an R-regular sequence B =f,,...,p ¢ contained in I such
that (B)R,=(a)R,.
Proof. We may assume that g = 1. Obviously
In(aR,) ¢ (RN(paR U |J 4,
gEAss(R)
and hence there exists an R-regular element g in I with g/1€aR \paR . O

Lemma 2.11. Let R be a local Gorenstein ring, let I ~ J be a link of Cohen-
Macaulay R-ideals, and let (R,I) be a specialization of (R,I).

Then there exists a link T ~J of R-ideals such that (R,J) and (R,J) have
a common deformation.
Proof. Let m and 7 be the maximal ideals of R and R, and set g =
grade/. If g = 0, then the claim follows immediately from Lemma 1.9. So

assume that ¢ > 0, and let a = o, ...« ¢ be a regular sequence defin-
ing the link 7 ~ J. Complete « to a generating sequence f= f,...,f, =
a,... ’ag’fg+l , ..., f, of I, let X beageneric g by n matrix, definea g
by n matrix
E=(,,,10),

and consider the R[X]-regular sequence B = 8,,...,8 g where

B, i

Sl =E+X)]

8, £,
The entries of the matrix X form a regular sequence on R[X ](m X)) and modulo
this sequence, S, ..., ,Bg specialize to the R-regular sequence «,,...,a g

Therefore it follows from Lemma 1.9 that
(R[X]), x)» ((B)R[X]: IR[X]), )
is a deformation of (R,(a):I)=(R,J).
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By “~ " we denote images of elements of R in the factor ring R. Then
fy»....f, generate the ideal T, and since £ +.X is still a generic matrix over
ﬁ it follows that _ _

B 1 S 1

=(E+X)
B, I

form a regular sequence on R[X] @ .x) - But then again Lemma 1.9 implies that

(RIX) 7 x,» (BRIX]: TRIX]) 5 )
is a specialization of
(RLXy x)» (B)RIX]: IRX]) ,, 4))-

By Lemma 2.9 there exists a g by n matrix F with entries in 777 such that

for _
7 /i
)l =E+F)| O,
Ve fa
Y=V s, form an R-regular sequence. On the other hand, the entries of
the matrix X — F are contained in the maximal ideal of R[.X ](m X and hence
form a regular sequence. Modulo this sequence, ﬂ] ,.. B < specialize to the

R-regular sequence Pis e Ve and thus again by Lemma 1.9, (R,(y):1) isa
specialization of

(RIX1 5 x)» (B)RIX1: TRIX]) 5 ) -
Now define J = (y) : T. We have seen above that (R,J) and (R,J) have
(R[X],, x)» ((B)R[X]: IR[X]),, yx))
as a common deformation. O

Corollary 2.12. Let R be a local Gorenstein ring, let I be a Cohen-Macaulay
R-ideal, let (R,I) be a generalized localization of (R,I), and consider a link
in R, I ~J.

Then there exists a link in R, T ~ J, such that (R,J) is a generalized
localization of (R,J).

Proof. We may assume that (R, I) is obtained from (R,I) by one of the four
operations in Definition 1.8, and we have to show that in each of the four cases,
the link I ~ J can be “lifted” to a link 1 ~ J .

But for operation (i) (I is a localization of I ), this follows from Lemma
2.10, for (ii) (I is a specialization of I), from Lemma 2.11, for (iii) (I isa
deformation of I), from [18, 2.16], and for (iv) (I = IR(Z)), the claim is
trivial. 0O
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Lemma 2.13. Let R be a regular local ring with infinite residue class field and
dimR > 1, and let I #0 be an R-ideal.

Then there exists a prime ideal q of R such that R/q is a discrete valuation
ring, and I ¢ q.
Proof. Let m be the maximal ideal of R. By induction on dim R it suffices
to prove the following statement: If dim R > 2, then there exists an element
X € m\m2 such that I ¢ (x). To this end we only have to show that there are
infinitely many elements in m\m2 which are not associates. So let z,,z, be
part of a regular system of parameters of R, and for every element a € R/m
choose a preimage b in R and set x, = z, + bz,. Now {x |a € R/m} is the
desired set of elements. O

Lemma 2.14. Let R be a local Gorenstein ring with infinite residue class field,
let I be a Cohen-Macaulay R-ideal of grade g, let p be a prime ideal in R
with I C p and R/p regular, consider a link in R, I,~J, further assume
that v(I) =g+ 1= v(l,) and that J is Gorenstein.

Then there exists a link in R, I ~ K such that K is Gorenstein, and (R,.J)
is a generalized localization of (R,K).

Proof. If g =0, simply take K = 0: 7. Thus we may assume that g > 0. We
may also suppose that p # m, where m denotes the maximal ideal of R.

By Lemma 2.10 there is an R-regular sequence g = 8,,...,8 ¢ in I such
that the Rp-regular sequence B/1 = B,/1,... ,Bg/l defines the link Ip ~J.
If f=f,..../ il is a minimal generating sequence of I, then there exists a
g by g+ 1 matrix A with entries in R such that

B, /i
=4l
8, fyo
Note that /1= f,/1,..., fg /1 is also a minimal generating sequence of I,
and that % Zli
. = A .
& Lt
Since J = (B,/1, ... ,/)’g/l)Rp 1, is Gorenstein by assumption, it follows
that Wg /g = Ip/(ﬁ,/l, ,ﬂg/l)Rp is cyclic (Proposition 1.2(c)). But as
111 ey [ﬁﬂ minimally generate [ 5 We then conclude that one of the maximal

minors of 4 has to be invertible in Rp. In other words, we have seen that
1 g(A) ¢ p, where [ g(A) denotes the R-ideal generated by the g by g minors
of A.

Since R/p is a regular local ring with infinite residue class field and
dimR/p > 1 and since I (4) ¢ p, it follows from Lemma 2.13 that there
exists a prime ideal ¢ of R, p C ¢, such that R/q is a discrete valuation ring
and / g(A) ¢ g . But then one of the maximal minors of A4 is invertible in R .
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hence Iq/(ﬂl/l y en ,/)’g/l)Rq is cyclic, and therefore (8,/1, ... ,ﬂg/l)Rq 1,
is Gorenstein. Thus replacing the link I, ~ (B,/1, ... B, /)R, - I, by the
link I, ~ (B,/1, ... ,,Bg/l)Rq :1,, we may from now on assume that R/p isa
discrete valuation ring.

Let IT be an element in R whose image in R/p is a uniformizing parameter
of R/p. Then the matrix A can be written as 4 = B+ C where B and C are
g by g+ 1 matrices, the entries of C are in p, and the entries of B are of
the form u, II" with 0 < n,; <co and ,; units in R. Note that [ (B) ¢ p
since I(A)¢p.

Because of the special form of B we may multiply 4 from the right by a
g+ 1 by g+ 1 matrix which is invertible over R, to assume that

B=(D]0),

where D is a g by g matrix with detD ¢ p. (Doing so we also obtain a
new generating set f of I, which we still call f.) Now consider the g by g+ 1
matrix E = (I44,10). Then B = DE, hence 4=DE +C.

On the other hand, it follows from Lemma 2.9 that there existsa g by g+ 1
matrix F with entries in m such that

71 S
=(E+F)
Vg Sen
is an R-regular sequence. We now define K = (y,,...,7 g)R :I. Then I and
K are linked with respectto y , ... ,7 g and K is Gorenstein since [ g(E +F) =

R.
It remains to show that (R, J) is a generalized localization of (R,K). To
this end consider a generic g by g + 1 matrix X, the R[X]-regular sequence

@ h
~E+0| ¢ |,
Qg fg+1
and the ideal H = (o, ... ,ag)R[X](m,X) : IR[X](m’X). Then IR[X](m’X) and
H are linked with respect to o, ... ,« g

It suffices to prove that (R[X lm ) H) is a deformation of (R,K), and
that (R, J) is a specialization of (R[X lpx) Hy, X)) . To show both claims we
use Lemma 1.9. For the first claim simply notice that the entries of the matrix
F are in m, hence the entries of X — F are contained in the maximal ideal
of R[X m x) and form a regular sequence, and that modulo this sequence,
a0, specialize to the R-regular sequence 7, ...,7 i To prove the sec-
ond claim we remark that the matrix D is invertible over R[X ](p X (since
detD ¢ p), and the entries of C are contained in p, hence the entries of
X —D™'C are contained in the maximal ideal of R[X ](p X and form a regular
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sequence. Modulo this sequence, «, ... ,a ¢ specialize to
/i /i
E+D'C)| + | =D"'WE+C)| :
f g+1 f g+1
fi By
=p'a|l : |=D7"|:
/, g+l B 4
In Rp however, the regular sequence
B,
p~'| :
By
generates the same ideal as the regular sequence g, ..., 8 ¢ which defines the

link I,~J. O

Corollary 2.15. Let (S,m) be a local Gorenstein ring with infinite residue class
field, let J be a Gorenstein S-ideal, let (R,I) be a generalized localization of
(S,J), and consider a sequence of links in R, I =1,~ I ~ I, such that I, is
a Gorenstein ideal, but 1, and I, are not both complete intersections.

Then there exists a sequence of links in S, J = J, ~ J ~ J,, such that
the regular sequence defining the link J, ~ J, is contained in mlJ,,J, is a
Gorenstein ideal, and (R, 1,) is a generalized localization of (S, J,).

Proof. By Corollary 2.12, we can find a link in S, J = J, ~ Jl' , such that
(R,I,) is a generalized localization of (S, Jl' ) and by Remark 1.18, there exists
alink J = J; ~ J;, such that the sequence defining this link is contained in
mJ, . But then Corollary 1.17 implies that (S, JI' ) is a generalized localization
of (§,J)). In particular, (R,I,) is a generalized localization of (S,J,).

The ideal I , 1s not a complete intersection, since otherwise the Gorenstein
ideals I, and I, would have to be almost complete intersections (cf. Proposi-
tion 1.2(c)) of finite projective dimension (cf. [28]), and hence complete inter-
sections (cf. [22]). But this is ruled out by our assumptions. So let g = grade /|,
then v(I,) > g+ 1. On the other hand, J, is Gorenstein, hence v(J;) < g+1,
and (R, 1)) is a generalized localization of (S, J,), thus v(1;) < v(J;). There-
fore v(J|) = g+ 1 =v(l,). Moreover, I, is Gorenstein by assumption.

Now we can use Lemma 2.14, Lemma 2.11, and [18, 2.16], to conclude that
there exists a link in S, J, ~ J, such that J, is Gorenstein, and (R,1,) is
a generalized localization of (§,J,) (note that we may assume that operation
(iv) in Definition 1.8 occurs at most for i = n — 1, hence leaving the residue
class fields of S; infinite forall 1<i<n-1). O

Proposition 2.16. Let R be a local Gorenstein ring, let I, ~ I, ~ I, be a
sequence of links in R, and assume that 1, and I, are Gorenstein ideals.
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Then either (R,1;) and (R,I,) have a common deformation, or else I, ~
I, ~ I, is a tight double link.

Proof. First note that if I, is a complete intersection, then [, and I, are
also complete intersections by [22], in which case (R, ;) and (R,I,) have a
common deformation. Therefore we may from now on assume that I, is not
a complete intersection. We may also suppose that g = grade/ > 0 because
otherwise, (R,I;) = (R,1,).

Nowlet a=aq,,...,a . be an R-regular sequence defining the link 7, ~ 1, .
Since I, is Gorenstein, it follows that 7,/(a) is cyclic (Proposition 1.2(c)), and
hence there exists an element b € R with I, = (a,b). Moreover, the elements
a,b generate I, minimally because I, is not a complete intersection. On

the other hand let ¢ = ¢, ... ,¢, be an R-regular sequence defining the link
I, ~1I,. Then

¢, 4

=4l

¢, %

for some g by g+ 1 matrix 4 with entries in R. Since I, is Gorenstein, and
the elements a,b generate I, minimally, it follows as in the proof of Lemma
2.14 that after reduction modulo the maximal ideal m of R, the matrix 4 has
rank g over R/m. Thus after elementary row operations and elementary col-
umn operations only involving the first g columns, and hence without changing
the ideals (a) and (c) we may assume that

1 0 e

A= N
1 0

0 0 d e

We now consider several cases:

Case 1. e, ¢ m. Then by elementary row operations we obtain

1 d |0
A= ‘.' E E s

L d_, |0

0 ... 0 d 1

and after column operations only involving the first g columns we may assume

that
1 0 0

1 0
0 ... 0411
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Nowset a=a,...,a, | =c¢,...,¢, |, ,3=ag,and 6=cg =dag+b.
Then I, = (a,b) = (a,f,0) = (,B) : Iy = (ex,0) : [, and [, ~ I ~ 1, isa

tight double link.

Case 2. e, ¢ m forsome 1 <i< g— 1. We may assume that i = 1. Then
we get

1 0 1
S 1 0
A= ' |
fg_1 1 0 0
0 0 d e,
and even
1 0 1
1 0
A=1": - : :
0 1 0 0
0 ... 0 d e

4
If e p ¢ m , then the claim follows from the first case, and if e, €m, then d ¢
m since one of the maximal minors of A4 has to be invertible. By elementary
row operations we then obtain

1 0 1

0 1 0
A= g : i

0 1 00

f .. 0110

and after changing the first g columns we may assume f = 0. Now set a =
Ayy ooy @y =CyyennsCys B=a,and d =c, =a, +b. Then I, = (a,b) =
(a’ﬂ,a)-:(aaﬂ):IO=(aa5):12'

Case 3. e, € m forall 1 <i < g. Then d ¢ m, and we may assume
that d =1. Let X =x,, ... , X, be a set of variables, and in § = R[X](m’X)

consider the regular sequence y =y,,...,7 ¢ where
a
7 1 X, .‘
. - . . a
Vg 1 X, bg

We define J = (y)S : I,S, and claim that (S,J) is a common deformation
of (R,I;)) and (R,I,). But this is obvious from Lemma 1.9: Modulo the S-
regular sequence x, ... 3 Xg the sequence 7, ... 2 Vg specializes to the R-
regular sequence 4,, ...,4a,, and hence (S,(y)S : I,S) = (S,J) is a defor-
mation of (R,(a) : I,) = (R, ), whereas modulo the S-regular sequence
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X| =€, ..., X,—¢€, (recall that e, € m), v, ... 2 Vg specializes to the R-regular
sequence ¢, ...,C,, and hence (S,(y)S: 1,§)=(S,J) is a deformation of

(R, (¢):1})=(R,1). O
We are now ready to prove our second main result.

Theorem 2.17. Let R be a local Gorenstein ring with infinite residue class field,
and let K be a licci Gorenstein R-ideal with gradeK > 2.

Then there exist geometrically linked licci R-ideals I and J such that (R,K)
is a generalized localization of (R,I+J).

Proof. Since K is a licci Gorenstein R-ideal and the residue class field of R
is infinite it follows from [19, 2.6], that there exists a sequence of links in R,
K =K,~K ~K,~ - ~K,, such that K, is a complete intersection,
and K, are Gorenstein ideals for 0 < i < n. We will prove the theorem by
induction on n. If n =0, then K = K, is a complete intersection of grade
at least two, and the claim is obviously true. Thus we may assume that n > 0,
and that K is not a complete intersection.

By induction hypothesis applied to the ideal K, , there exist geometrically
linked licci R-ideals I and J such that (R,K,) is a generalized localization
of (R,I+1J).

Now let m be the maximal ideal of R. By Remark 1.18, we can find a
geometric link in R, I ~ J " such that the R-regular sequence defining this
link is contained in mI, and by Corollary 1.17, (R,I + J) is a generalized
localization of (R, +J'). In particular, (R, K,) is a generalized localization
of (R,I+J'). Therefore, replacing I ~J by I ~J', we may from now on
assume that the R-regular sequence defining the link 7 ~ J is contained in
ml . For the remainder of the proof it is also more convenient to change our
notation, and to set H,=K,, H =K,, H,=K,=K.

Now HO =] + J is a Gorenstein ideal in a Gorenstein ring R with infinite
residue class field, (R, H) is a generalized localization of (R, HO) ,and Hj ~
H, ~ H, isasequence of links in R such that H, is a Gorenstein ideal but not a
complete intersection. Then Corollary 2.15 implies that there exists a sequence
of links in R, H H H2 , such that the regular sequence defining the link
H H is contamed in mHO, H is a Gorenstein ideal, and (R, H,) = (R, K)
is a generahzed localization of (R H ,) . Thus it suffices to prove our claim for
H2 instead of K. Replacing H, ~ H, ~ H, by H H H we may from
now on make the following assumptlons

We are given a sequence of links in R, H, ~ H, ~ H,, where H, and H,
are Gorenstein ideals of grade g + 1, and moreover,

(2.18) Hy, =1+ J, where I and J are geometrically linked licci
R-ideals of grade g ,

(2.19) the regular sequence «, ..., 2 defining the link 7 ~ J is
contained in ml ,



SUMS OF LINKED IDEALS 23

(2.20) the regular sequence defining the link H, ~ H, is contained in
mH, .

We will have to show that under these assumptions, (R, H,) is a generalized

localization of a sum of two geometrically linked licci R-ideals. Since this is

obviously true if (R, H;) and (R, H,) have a common deformation, we may

assume that (R, H,) and (R, H,) have no common deformation. But then

Proposition 2.16 implies that

(2.21) H, ~ H, ~ H, is a tight double link, i.e., H, = (y,, ... Ve
B,d), where y,, ...,y i B is an R-regular sequence defining
the link H, ~ H, (and hence y, ... ,yg,,B C mH, = ml +
mJ),and y,, ...,y 2 0 is an R-regular sequence defining the
link H, ~ H, .

We are now going to reduce the problem to the case where the regular se-
quences a,, ... ,a, from (2.19) and 7, ... Vg from (2.21) coincide. For this
part of the proof we need that o, ...,a, and y, ... iV B are contained in
ml and mH, respectively.

Choose generating sequences f=f,,...,f of I and h=~h ,... A of J.
Then f,h form a generating sequence of H, = I 4+ J, and because of (2.21)
there existsa g + 1 by r+s matrix C with entries in m such that

g

h
71 :
el s
7, h
B :
hS
Now let X be a generic g + 1 by r+s matrix, and set
A
¢, f
- = r
: X h,
£g+l :
hS
In § = R[X](m’X) we consider the generic link L, = L (f,h) = L,(H,) =

(&5 e ,ng)S tH,S.

Note that the entries of the matrix X — C are contained in the maximal
ideal of §' and hence form an S-regular sequence. Modulo this sequence, the S-
regular sequence ¢, ... ,¢ gt specializes to the R-regular sequence y,, ..., Ve
B, and therefore by Lemma 1.9, (S,L)) = (S, (¢, ... € )8 H,S) 1is
a deformation of (R,H|) = (R,(7,, ... ,yg,,B) : Hy). In particular, since
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H = (y,,... ,yg,/?,d), we can find a preimage u of J in S such that
L =(,... €0y R
On the other hand, grade(H;/(c,, ..., g)) =1, and hence by Lemma 2.9,
there exists an element b € mH, such that o, ... ,« 2’ b form an R-regular
sequence. Thus we may consider the link H{ = (a, ..., ¢ ,b) : H,. Write
b=%_ af+¥_ a.,h witha em forall 1 <j<r+s,and set
@ /i
=4
a, A

Here A isa g by r matrix, and in the light of (2.19) we may assume that the
entries of A4 are contained in m . Now we definea g+ 1 by r+s matrix

B— <i‘__|___9_> .
al aH_S

Then the entries of the matrix X — B are contained in the maximal ideal of S
and hence form an S-regular sequence. Modulo this sequence, the S-regular
SEqUence &, ..., &, specializes to the R-regular sequence a,, ... ,a ¢ ,b,and
thus again by Lemma 1.9, (S, L,) is a deformation of (R, H;) . In particular,

H =(a,... ,a,,b,d) where d is the image of x4 in R.

Since grade(H;/(a, s ... >0,)) =1 we may use Lemma 2.9 to conclude that
for some eem, «, ..., 2 d + eb form an R-regular sequence. Now con-

sider the linked R-ideal Hé = (a, S0y ,d +eb): Hl'. On the other hand,
let Y be another variable, set 7 = RIX,Y],, xy) = S[Y](m’X’Y) , and in this
ring define the link L, = (¢, ... Eg M+ YegH)T : L,T (in the language
of [23], L, is a general double link of H;). Then the entries of the matrix
X — B together with the element Y — e are contained in the maximal ideal
of T and hence form a T-regular sequence. Modulo this sequence, the T-
regular sequence ¢, ...,¢& g Mt Ye gt specializes to the R-regular sequence
ay,...,a,,d +eb, and the ideal L, T specializes to the ideal H) . Thus by
Lemma 1.9, (T, L,) is a deformation of (R, H;) . On the other hand, also the
entries of the matrix X — C and the variable Y are contained in the maxi-
mal ideal of 7 and hence form a T-regular sequence. Modulo this sequence,
s s g Mt Yag+l specializes to the R-regular sequence y,, ... ,yg,d and
LT specializes to H, . Therefore again by Lemma 1.9, (7', L,) is a deforma-
tion of (R, H,). Now we have seen that (R, H,) and (R, H;) have a common
deformation, namely (7', L,). (This could have also been deduced from the
work of Kustin and Miller, [24]).) Therefore it suffices to prove that H; is a
sum of two geometrically linked licci R-ideals.

Thus replacing H) ~ H, ~ H, by H; ~ H{ ~ H;, we are now in the
following situation: There is a sequence of links H, ~ H, ~ H, such that H,
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is Gorenstein, but not a complete intersection, and moreover

(2.22) H, = I+J where I and J arelicci R-ideals which are geomet-

rically linked with respect to the regular sequence o, ..., e
(2.23) H = (a,... ,ag,ﬂ,é) , where a, ... ,ag,ﬂ is an R-regular
sequence defining the link H, ~ H, , and a, ..., ¢ ,0 1is an

R-regular sequence defining the link H, ~ H, .

Under these assumptions we will show that H, is the sum of two geometrically
linked licci R-ideals. This will be the content of Lemma 2.26. Before we can
prove Lemma 2.26 however, we need a better description of the ideal H, :

Lemma 2.24. Let R be a local Gorenstein ring, let I and J be Cohen-Macaulay
R-ideals of grade g which are geometrically linked with respect to the regular
sequence oc=q, ..., a,, set H=1+J,let B bean elementin H such that
o, B form a regular sequence, and write § =a+ b, where ac I, be J.
Then (a,B): H=(a,a,b).
Proof. We may replace R by R/(a) to assume that I nJ = 0, and hence
H=1®J. We will prove that (f): H =(a,b).
Now R is a Gorenstein ring, I and J are Cohen-Macaulay ideals of grade
zero, and g is regular on R. Then Lemma 1.9 implies that
(B):I,B)=((0:1),B) and
B):(J,B)=((0:J),8).

Now we are able to compute the ideal (f): H.

(B):H=(B):(I+J)

=(B): [, B)+(J,B)]

=[(B): (L, INI(B) : (J,B)]

=((0:1),B)N((0:J),8) (by(2.25))

=(J,B)n,B)

=(J,a)yn((,b)

=[(@eJINn[I & (b)]

=(a)®(b)=(a,b). O

In the situation of (2.22) and (2.23), Lemma 2.24 implies that H, = («, #,9)

= (a,a,b) where B =a+b with ael, be J. Thus we do not alter (2.23)
by assuming that J = ra +sb for r€ R, s € R. Since H, is Gorenstein and
H, is not a complete intersection, r and s cannot be both contained in m.

Without loss of generality, we may suppose that r =1, andso d =a+sb. If
sem,wedeform d to =a+Ybe R[Y],, v, (Y is a variable), specialize

(2.25)

5 to 6’ = a+s'b, where s’ € m is regular on R/(a), and apply Lemma
1.9 (notice that &' is automatically regular on R/(a), since Ass(R/(a)) =
Ass(R/I)UAss(R/J),and B =a+b isregularon R/(a),and a€l, beJ).
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Then we may assume that a,s form an R-regular sequence in case s € m. In
either case, using the equation 8 =a + b, we obtain

d=a+sb
=p+c (celd)
=sp+d (del),

where either s is a unit or else a,s form an R-regular sequence. Now Theorem
2.17 follows from Lemma 2.26:

Lemma 2.26. Let R be a local Gorenstein ring, let I and J be Cohen-Macaulay
R-ideals of grade g which are geometrically linked with respect to the regular
sequence a = ay, ... ,a,, set H, = I+ J, and consider a sequence of links
H, ~ H, ~ H,. We further assume that the link Hy ~ H, is defined by the
regular sequence o, f, and that the link H, ~ H, is defined by the regular
sequence o,0 with § =B +c=sB+d, where ce J,d €1, and either s is a
unit or a,s form an R-regular sequence.

Then Hy=1+J', where J' = (a,, ... ,a,_y,8J), and the ideals 1 and J'
are geometrically linked with respect to the regular sequence o, ... ,a g—1750 -
If I and J are licci, then obviously the same holds true for I and J'.

Proof. We firstnote that o, ... ,« g1 SO form an R-regular sequence, since
either s is a unit, orelse a,, ... ,a g—1>5 area regular sequence. But then by
[5, 6.1.11],
(ap, .oo,a, ,850,): IT=(ap, ... S0, ,sag,s[(a1 seeesag) )
= (s sa,_y,8)) =T,
which proves that I and J' are linked with respect to O, sy, Sa, . To

show that this link is geometric, we simply observe that

grade(I + J') = grade(I + sJ) > grade [,
where the latter inequality holds since grade(/ + J) > grade/, and since by
assumption, s is not contained in any associated prime of 7.

It remains to prove that H, = I+J ", Since both ideals contain (@, ...,a g) ,
we may factor out (o, ... ,ag) to assume that /J = 0 and grade H, = 1.
Then H, = (§): H, = J(Hl)‘l , Where (Hl)_I denotes the inverse fractional
ideal of H| in the total ring of quotients of R. Likewise, H, = () : H, =
/J(Hl)—l . Combining the two equations we obtain that H, = ¢ B 'H,, and
therefore
(2.27) Hy=6B"'(I+J)=B"'(61+6J).

However 6 = f+c=sB8+d where ceJ,del,and cI+dJ clJ=0.
Thus (2.27) implies that

H,=B~' (Bl +cl+spJ +dJ)
=B ' BI+Bs])=I+sJ=1+J". O
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Now the proof of Theorem 2.17 is complete. Combining Theorem 2.1,
Lemma 1.11, and Theorem 2.17, we obtain the following characterization of
licci Gorenstein ideals:

Corollary 2.28. Let R be a local Gorenstein ring with infinite residue class field
and let K be an R-ideal with gradeK > 2.

Then K is a licci Gorenstein ideal if and only if there exist geometrically
linked licci R-ideals I and J such that (R,K) is a generalized localization of
(R, I+J).

3. THE DEPTH OF THE K0OSZUL HOMOLOGY

In this and the next sections, depth conditions on the Koszul homology will
play an important role. Let I be an ideal in a local Gorenstein ring R, then
by H/(I) we denote the ith homology of the Koszul complex for some fixed
generating set of /. Now H,(I) is an R/I-module with dim H, (/) = dim R/]
or H(I) = 0 [16, Remark 1.5], and for a fixed integer ¢, the property of
H,(I) being Cohen-Macaulay for all 0 </ <t does not depend on the chosen
generating set of I [13, 1.5]. The ideal I is called strongly Cohen-Macaulay
if H,(I) are Cohen-Macaulay for all / [14]. This notion has turned out to be
very useful in the study of blowing-up rings and residual intersections ([12],
[14], [16], [21], [30], [31]). Huneke showed that the strong Cohen-Macaulay
property is preserved under even linkage ([13, 1.12], cf. also [15]), and later,
Vasconcelos proved that for perfect ideals of grade 3, the Cohen-Macaulayness
of the first Koszul homology is invariant under even and odd linkage [34, 2.4].
Although the latter result cannot be generalized to higher grade, one can still
ask how the depth of the first Koszul homology of a Cohen-Macaulay ideal [
is reflected in properties of an ideal J belonging to the odd linkage class of
I . This question is answered in Theorem 3.1, where we show that the depth of
H,(I) coincides with the depth of S, (w, / ;) » the second symmetric power of the
canonical module of R/J (note that the depth of H, (/) does not depend on the
chosen generating set of 7, cf. [13, 1.2]). We then use Theorem 3.1 to explain
how depth conditions on the first Koszul homology pass to the sum of two
geometrically linked Cohen-Macaulay ideals. This is done in Corollary 3.10 and
Theorem 3.11, which also yield a criterion for when the Cohen-Macaulayness
of the first Koszul homology is preserved under odd linkage. Besides Cohen-
Macaulayness another depth condition on the first Koszul homology comes into
play: An ideal I is called syzygetic if the natural epimorphism S,(/) — I’ is
injective, or equivalently, if the first map in the standad exact sequence

H(I)— @R/ —1/I" -0

is injective [30, 1.2]. It is clear from the latter description that if I is generically
a complete intersection, then /I is syzygetic if and only if H,(I) is R/I-torsion
free.
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To formulate our results, we also need to consider depth conditions on the
conormal module: A Cohen-Macaulay ideal I is called strongly nonobstructed
if the twisted conormal module of I, I ®, w, e is a Cohen-Macaulay R/I-
module. Due to the work of Herzog, this notion plays an important role in de-
formation theory [10]. In fact, if I is strongly nonobstructed and R is a power
series ring over a field k and R/I is reduced, then there are no obstructions
for lifting infinitesimal deformations of R over k [10, 1.4, cf. also 2.3]. Buch-
weitz has shown that the property of being strongly nonobstructed is preserved
under linkage (at least if R contains a field and all ideals are generically com-
plete intersectons, [5, 6.2.11]), and later it was proved in [6] that even the depth
of the twisted conormal module is an invariant of the linkage class. Of course
any licci ideal is strongly nonobstructed as well as strongly Cohen-Macaulay by
the work of Buchweitz and Huneke. In the last section of this paper however,
we will show that neither property (even if the strong Cohen-Macaulayness is
required for the entire linkage class) characterizes licci ideals. To accomplish
this, we will need Corollary 3.10, which says that if / and J are two geomet-
rically linked Cohen-Macaulay ideals and the twisted conormal module of I is
R/I-torsion free and I as well as J are syzygetic, then I+ J is syzygetic. This
fact can be used to show that a given twisted conormal module has nontrivial
torsion, since computationally it is much easier to check the syzygetic property
of ideals than torsion freeness of a twisted conormal module.

Our Theorem 3.1 was inspired by Vasconcelos’ paper [34], where the same
result is shown for ideals of grade three. I am also very grateful to Wolmer
Vasconcelos for simplifying my original proof of Theorem 3.1.

Theorem 3.1. Let R be a local Gorenstein ring, and consider a link I ~ J of
Cohen-Macaulay R-ideals.

Then depth H,(I) = depth S, (wg, ;) -
Proof. Let d = dimR and g = gradel. After adjoining a variable X to R
and replacing I by the ideal (I, X)R[X ](m, X) (where m is the maximal ideal
of R), we may assume that g > 0 (by [13, 1.4] the depth of the first Koszul
homology is invariant under this operation).

We first show the existence of an exact sequence

(3.2) O—»M—»SZ(I)—»SZ(wR/J) -0
where depthM =d — g+ 1 (cf. also [34, proof of 2.4]).

Let a,,...,a ¢ be a regular sequence defining the link I ~ J, and let L =
(@, ..., g) . Then the exact sequence from Proposition 1.2(c),

0—>L—->I—>a)R/J—>O
induces an exact sequence
0—L-1-S,(I) —>Sz(wR/J) -0,

where L-T denotes the image of L®, I in S,(I). Now (3.2) follows once
we have shown that depthL -7 =d — g + 1. To this end, we first claim that
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L.I = LI, where LI is the ideal product of L and I in R. There is a
commutative diagram of natural maps

LI —2 LI

d I

Sy(L) —— L’

where ¢ is an isomorphism since L is a complete intersection. It will follow
that ¢ is injective once we have shown that kergp C imy . So let y € kerg,
and write y = Y% a,-h, with h, € 1. Then Y_f  oh, =0 in R, and since
@y, .0 form an R-sequence, we conclude that 4, € (o, ... ,ag) = L. But
then y € imy . Thus we have shown that L-I = L]J.

To see that depth LI =d — g + 1, we simply consider the exact sequence
0—-LI-L—-L/LI-0,
and notice that
L/LI =L@y R/I = (L/L*)®,, R/I
= (R/L)® ®g,, R/T=(R/D)®.

Thus depth LI =d — g + 1, and we have proven (3.2).
Now fix a generating set f,,...,f, of I (by[13, 1.2], depth H,(]) is in-
dependent of this choice), and let B,, Z,, K, be the first boundaries, cycles,

and chains of the Koszul complex of f, ..., f, . We will show that there is an
exact sequence
(3.3) 0B - 1-S1)—0

(this is essentially in [30]).
To this end consider the exact sequence

n
11
0—2,—K =ERe, —1-0
=1

where Il(e;) = f,. Tensoring by I/®,, we obtain an exact sequence

n .
0—1Z, — @Ple, 2%

=1

18,1 0.

Now .
1Z, C B, =(fie,; - fell <i<j<n)c@le,
i=1

and hence the above exact sequence yields

n
0—B —@le,—~1®,I/N—0

i=1
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where N = (f,®/,—f;®f|1 <i<j<n).Ontheotherhand, I®,I/N = S,(I).
This completes the proof of (3.3).

Now Theorem 3.1 follows easily from (3.2), (3.3), and the fact that
depth H|(I) = depth B, — 1. If depthS,(I) >d —g+1, then depthSz(a)R/J) >
d-g and depth H (I) > d—g . But then depthSz(wR/J) =d-g =depthH(I).
If however depthS,(/) <d — g, then

depthSz(wR/J) = depth S,(I) = depth H,(/). O
The next two corollaries follow immediately from Theorem 3.1.

Corollary 3.4. Let R be a local Gorenstein ring, and let I and J be two Cohen-
Macaulay R-ideals in the same odd linkage class, then
(a) depthH|(I) = depthSz(a)R/J),
(b) H,(I) satisfies Serre’s condition (S,) if and only if S,(wg y ;) satisfies
(Sy)-

Corollary 3.5. Let R be a local Gorenstein ring, and let I and J be two Cohen-
Macaulay R-ideals in the same even linkage class, then

(a) depth H (I) = depth H (J) (cf also [13, proof of 1.11]),

(b) depthSz(wR/,) = depthSz(wR/J).

From Theorem 3.1 we also obtain the following result of Vasconcelos [34,
2.8].

Corollary 3.6. Let R be a local Gorenstein ring, and let I be a Cohen-Macaulay
R-ideal such that r(R/I)=2.

Then S,(wg /1) is Cohen-Macaulay.
Proof. Consider a link I ~ J. Then by Proposition 1.2(c), d(J) < 2, and
thus by [3], H|(J) is Cohen-Macaulay. Now the claim follows from Theorem
3.1. O

Before we prove our next theorem, another lemma is needed.

Lemma 3.7. Let R be a local Gorenstein ring, let I and J be two geometrically
linked Cohen-Macaulay R-ideals, and write K = I + J . Further assume that I
is syzygetic and that I ® , w is torsion free as an R/I-module where w = e

Then there are exact sequences

@ 0—-I"=IK—-I®,w—0,
(b) 0 - IK — §,(K) — S,(w) — 0 with depthS,(w) = depth H,(J).

Proof. Let a = a, ..., ¢ be a regular sequence defining the link I ~ J.
Then (a) = INJ since the link I ~ J is geometric. Thus by Proposition
1.2(c), w=J/(a) =J/INJ = K/I, and we have an exact sequence

0-I—-K—-w—0.
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Tensoring by /®, , yields a commutative diagram with exact rows and
columns:

/\zlz /\I2
P
[@,] —— 18K —— I®0 — 0
S,(I) 10, K/p(A])
0 0

Now S,(I) =1 2 since I is syzygetic, and from the Snake Lemma we obtain an
exact sequence
P10, K/p(NT) =1, 0— 0.

Notice that for all p € Spec(R) with K ¢ p, (I®, K/p(/\ZI))p =], and y, is
the natural embedding 7 ; —1I,.In particular, ker y is a R-torsion submodule
of I* and hence zero. Thus we have an exact sequence
(3.8) 0— I =10, K/p(N'T) = I @, 0 — 0.

Now part (a) follows from (3.8) once we have shown that
(3.9) 18, K/p(NT)=IK.

To prove (3.9), consider the natural projection

I: 1@, K/p(AN'T) » IK .

By the above, l'Ip is injective for all p € Spec(R) with K ¢ p. Suppose that
kerIl # 0, and let p be a minimal element in Supp(kerIl). Then K C p, and
hence by the R/I-torsion freeness of I ®, w, depth(/ ®, @), > 1. But then
by (3.8), depth(/ ®, K/p(/\zl))p > 1, and hence depth(kerIl), > 1, which is
impossible by the minimality of p. This contradiction proves (3.9).

We now prove part (b). Taking second symmetric powers in the exact se-
quence 0 - I - K — w — 0, we obtain an exact sequence

18, K/p(A'T) — S,(K) — S,(w) — 0.
Then (3.9) implies that
IK 5 8,(K) — S,(w) — 0

is exact. It is easy to see that ker y is an R-torsion module and hence zero.
Also notice that by Theorem 3.1, depthS,(w) =depthH (J). O
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Corollary 3.10. If with the assumptions of Lemma 3.7, J is syzygetic, then also
K is syzygetic.

Proof. Suppose that K is not syzygetic. Then J(K) # 0, where J(K) is the
kernel of the natural map from S,(K) to K 2. We may localize at a minimal
prime ideal in Supp(d(K)) to assume that depthd(K) = 0. Notice that K
is still a proper ideal in R = R,, and in particular, dimR/J > 1. Since
6(K) C S,(K) and depthd(K) =0, it follows that depth S,(K) = 0. But then
by Lemma 3.7(b), depth H,(J) = 0. On the other hand, J is syzygetic, and
hence H,(J) is a submodule of a free R/J-module where depthR/J > 1.
Thus depth H,(J) > 1, which yields a contradiction. O

Theorem 3.11. Let R be a local Gorenstein ring, let I and J be two geomet-
rically linked Cohen-Macaulay R-ideals, and write K = I + J . Further assume
that I satisfies (C1,) and that the R/I-modules H (I) and I ® Wpir satisfy
Serre’s condition (S,).
(a) Then the following are equivalent:
(i) J is syzygetic,
(ii) K is syzygetic.
(b) If in addition, 1 is strongly nonobstructed, then the following are equiva-
lent:
(i) H,(I) and H\(J) are Cohen-Macaulay,
(ii) K is syzygetic and strongly nonobstructed.

Proof. First notice that the assumptions of Lemma 3.7 are satisfied.

We now prove part (a). By Corollary 3.10 it suffices to show that (ii) implies
(i). Since the link I ~ J is geometric and hence J is generically a complete
intersection, it suffices to prove that H,(J) is torsion free. Let p € V(J). If
I ¢ p orif dim(R/J ), <1, then J  is an almost complete intersection and
it is well known that H (J)) is torsion free. Thus after localizing at p, we
may assume that 7 and J are still linked and that dimR/J = dimR/J > 2.
We need to show that depth H,(J) > 1. However, by our assumption on [/,
depth H,(I) > 2 and depth! ®, w, = 2. Hence the standard exact sequence

(3.12) 0— H,(I)~ @R/ I/’ -0

and the exact sequence in Lemma 3.7(a) imply that depth/K > 2. Moreover,
depth S,(K) > 1 since we assumed K to be syzygetic, and hence by Lemma
3.7(b), depth H (J) = depthSz(wR/,) >1.

We now prove part (b). Write d = dimR and g = grade/. We first show
that (i) implies (ii). By Corollary 3.10, K is syzygetic. Moreover, by (3.12)
and Lemma 3.7, depthS,(K) > d — g. Since S,(K) = K? , we conclude that
depth K/K ’>d- g — 1. But then K is strongly nonobstructed since K is a
Gorenstein ideal of grade g + 1 (Proposition 1.3).

Next we show that (ii) implies (i). By part (a), J is syzygetic and by [6],
J ®p wp /7 is Cohen-Macaulay. Now both ideals have this property, and the



SUMS OF LINKED IDEALS 33

problem is symmetric in / and J (except that H,(J) need not be (S,), which
is irrelevant for the remainder of the proof). Assume (ii) and suppose that (i)
does not hold. Then we may assume that H (/) is not Cohen-Macaulay and
depth H,(I) < depth H,(J). Now depthH (I) <d - g—1, depthl ®, W)y =
d — g, and by (ii), depthS,(K) = d — g (note that K is a Gorenstein ideal
of grade g + 1). But then (3.12) and the exact sequences in Lemma 3.7 imply
that depthSz(a)R/,) = depth H,(I) — 1, and hence depth H,(J) < depth H,(/),
which is a contradiction to the above assumption. O

Notice that in Theoem 3.11(b), H,(K) is Cohen-Macaulay, because K is
Gorenstein and hence H,(K) is a syzygy module of a maximal Cohen-Macaulay
module.

4. SUMS OF DOUBLY LINKED (GORENSTEIN IDEALS

In the preceding two sections we studied sums of Cohen-Macaulay ideals of
grade g, I and J, which are directly linked. In order to obtain any results we
had to assume that 7 + J had grade at least g+ 1, g+ 1 being the “generic”
grade for ideals of this type. We now take these investigations one step further
and consider sums of Gorenstein ideals of grade g, [, and I, , which are linked
in two steps. In Proposition 2.16 we had seen that either I, and I, become
equal after deformation or else there exists a tight double link joining I, and
I, . Thus it seems natural to assume that the link I, ~ I, ~ I, is always tight.
We also assume that I, + 17, has grade at least g+2, g+2 being the “generic”
grade for ideals of this type (cf. Lemma 4.1, Remark 4.2). We then obtain
positive results concerning the Cohen-Macaulayness of I, + I, (Theorem 4.3),
and we can compute the type of R/I,+1, (Remark 4.5). However, the example
of (5.1) will illustrate that [, + I, need not be licci, even if /; (and I,) has
this property.

We begin by establishing that g + 2 is the “generic” grade of [, + 1, .

Lemma 4.1. Let R be a regular local ring, and let I, ~ I, ~ I, be a tight double
link with I, and I, Gorenstein ideals of grade g > 0.

Then every minimal prime ideal of I+ I, has height at most g + 2.

Proof. Let B,6,a = a, ... Oy be elements in R such that «,f, and
a,0 form R-regular sequences contained in I, and I, respectively, and [, =
(e, B,0) = (e, B) : Iy = (a,0) : I, . After factoring out the ideal (o) we are
in the situation where g =1 and R is a complete intersection.

Let I, ' be the inverse fractional ideal of I, in the total quotient ring of
R. Then I, = (f) : I, = BI]', and I, = (3) : I, = 6I;'. Therefore
I,+1, = (8,0)I]" = I,LI]'. Now let p be a minimal prime of I, + I,.
Since I, +1,=1,1; : , it follows that the ideal (/,) ) is not invertible, but that
1)) g is invertible for all ¢ in the punctured spectrum of R, . Moreover, I,
is an unmixed ideal of grade one in a complete intersection ring R. In this
situation, [20, 2.2] implies that dim R,<3. O
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Remark 4.2. Let R’ be a local Gorenstein ring, let I' = (f;,...,f,) be a
Gorenstein R'-ideal of gradeg > 0, let X be a finite set of variables over
R, p € Spec(R'[X]), R = R'[X],, and let I) = 'R ~ I, ~ I, be a tight
double link in R. Assume that I' satisfies (CI ;) and that the regular sequence

a=ap,...,0, in Definition 1.5 is of the form
@, hi
. — Y :
ag—l j;z

where Y isa g—1 by n matrix whose entries are linearly independent linear
forms in R'[X] (this is always satisfied if the tight double link is semigeneric
in the sense of [24]).

Then grade(/;+1,) > g +2.

Proof. From the proof of Lemma 4.1 it follows that grade(l, + I,) > g + 2 if
and only if the R/(a)-ideal I,/(a) satisfies (C1,), which in turn is equivalent
to I,/(a) being (CI,) since the two ideals are linked and have grade one.

To verify that [)/(a) satisfies (CI,) is suffices to show that for every ¢ €
Spec(R'[X]) with I' C ¢ and dim R'[X] < g+ 1, the module (I'R'[X]/()),
is cyclic. Localizing at ¢ N R’ , we may assume that g " R’ = m’, the maximal
ideal of R'. Then g < dimR' < g+ 1, and since I' satisfies (CI,), we may

assume that I’ is minimally generated by Sis oo fg. After modifying Y, we
obtain that
@) 5
. — Y :
g1 S, g

with Y a g — 1 by g matrix whose entries are still R’-linearly independent
linear forms in R'[X]. Thus ht(m’ ,Ig_l(Y))R'[X] =dimR +2 > g+2>htg,
and since m' C g, we conclude that Ig_l(Y) ¢ q . But then (I’R’[X]/(a))q =
((fys--- ,fg)/(al s oo 0,_y)), hastobe cyclic. O

Lemma 4.1 and Remark 4.2 motivate the grade assumption in the next the-
orem, which is the main result of this section.

Theorem 4.3. Let R be a local Gorenstein ring, let I, ~ I, ~ I, be a tight double
link with I, and I, Gorenstein ideals of grade g > 0 (by Proposition 2.16, the
double link I ~ I, ~ I, is automatically tight if (R,I,) and (R,I,) have no
common deformation), and assume that grade(l, +1,) > g +2.

If H\(I)) is Cohen-Macaulay, then I, + I, is a Cohen-Macaulay ideal of
gradeg + 2.
Prbof . As in the proof of Lemma 4.1 we reduce to the case g = 1. [13,
1.6), guarantees that this reduction does not alter any of our assumptions and
conclusions. Set d = dimR. From now on we will assume that H,([)) is
Cohen-Macaulay.
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First notice that by the grade assumption on I, + I, and the proofs of
Lemma 4.1 and Remark 4.2, the ideal [ satisfies (CI,). This fact, the Cohen-
Macaulayness of H,(I,), and the standard exact sequence (3.12) already imply
that Ig is reflexive and depth Ig >d-1.

We now claim that I, NI, = I I,. Since clearly [)J, C [,N1,, it suffices
to show that equality holds locally at all associated primes of /,7,. However,
I, ~ I, ~ I, is a double link of ideals of grade one, hence [, = I = I,, and
therefore I, = Ig . We have seen that the latter ideal is reflexive, thus [/, is
reflexive and hence unmixed. Then it suffices to prove that (I,N1,), = (I;1,),
for all g € V(I,1,) with diqu < 1. But for any such ¢, either (ly), = R,
or (I,) , =R,,and the above equality is obviously true. Thus we have shown
that I[,n1, =1,1,.

Now the standard exact sequence

O—-I,nl,—-Iel,—1,+1,—0

together with the isomorphisms I,N1, = [ I, = Ié and I, = [, yields an exact
sequence

(4.4) 0—I = I, @I, —I,+1,—0.

Since depthl; > d — 1, we obtain from (4.4) that depthR/I, + I, >d - 3.
Since on the other hand, grade(/, +1,) > g +2 = 3, we conclude that [, + I,
is a Cohen-Macaulay ideal of grade 3=g+2. O

In the next remark, we give an estimate for the type of the Cohen-Macaulay
ring R/I, + I, from Theorem 4.3. First we need a definition: Let a =
oy, be a regular sequence as in Definition 1.5, then by ¢, 0 <t <
g — 1, we denote the maximal number of elements y = y,,...,7, such that
y form part of a minimal generating set of the ideal (a), and y “split [ as
hypersurface sections” which means that there is a Cohen-Macaulay ideal J of
grade g — ¢ such that [, = (J,7).

Remark 4.5. In addition to the assumptions of Theorem 4.3, let R be a power
series ring over a field and assume that [ is strongly nonobstructed.

Then r(R/I,+1,) = g—1—t. If Ij or I, or I, + I, is not a complete
intersection, then 2 < r(R/I,+1,) < g—1.
Proof. With the notations preceding the remark, let “~ ” denote reduction mod-
ulo (a) = (a,...,a, ), and set S = R/I, = R/I,. Then there is an exact
sequence

0— S~ 1,/I; = T,/T; -0
which induces an exact sequence
Hom(I,/I; ,S) — Homy(S*™",5) — Exty(T, /T, S) — 0,

since by assumption, Ext;(lo/lg,S) = Exté(lo/lg ®g 0, wg) = 0 (cf. [10,
1.2]). From this exact sequence one easily sees that g—1— u(Exté(TO /73 ,S)) is
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equal to the maximal rank of a free direct summand of [/ Ig which is contained
in $¢7' = EBf:ll S(a; + Ié). But on the other hand, this rank is ¢ (cf. [11,
proof of [.3]).

Thus to show that r(R/[,+ I,) = g — 1 —t, we have to prove that

(4.6) r(R/1,+ L) = v(Exty(T,/T5, S)) .
To this end consider the exact sequence from (4.4),
=2 - - p— —
O0—-I,—»I,®l,—>R—-R/[)+1,—0.
Then we obtain isomorphisms
T3 B B~ modd 2 By o modl T B
Wi, = EXtr(R/Iy + 1, R) = Extg(I, R) = Extx(Iy/1, R).

On the other hand by local duality, Extx(7,/T-,R) = Ext.(T,/T;,S) . Therefore
Opitorry = Ext;(fo/f(z),S) , which proves (4.6).

It remains to show that /,+1, is not Gorenstein in case I, I,, or I +1, is
not a complete intersection. Suppose, /,+1, is Gorenstein. Then ¢ = g—2 and
hence I, = (J,7,,...,” g_z) , where J is a perfect Gorenstein ideal of grade?2.

Thus J would have to be a complete intersection [29]. Let “’ ” denote reduction
modulo (y,,...,7 g—2) . Then I(') = J' is a complete intersection of grade?2 in
R’, and considering the link Ij ~ I, ~ I, we conclude that the R’-ideal I, is
licci and hence perfect. Thus I; is a complete intersection, since this ideal is

also Gorenstein of grade2. Therefore v(I, + I,) < 4 = grade(I, + I;). Thus
I, I,, and [, + I, would have to be complete intersections in R. O

5. EXAMPLES

In this section we use the results of the previous two sections to construct two
examples. The first example is a perfect prime ideal which is not strongly nonob-
structed, but whose entire linkage class is strongly Cohen-Macaulay. Conversely,
the second example is a perfect prime ideal which is strongly nonobstructed,
but not strongly Cohen-Macaulay. The first ideal is a sum of two tightly linked
Gorenstein ideals of grade 3, whereas the second ideal is essentially obtained
from the first one as a sum of two geometrically linked ideals. Since by [5] and
[13], any licci ideal is strongly nonobstructed and strongly Cohen-Macaulay, it
follows that neither of the above ideals is licci. In particular our examples show
that a perfect prime ideal need not be licci even if it is strongly nonobstructed
or its entire linkage class is strongly Cohen-Macaulay.

We first have to fix some notation. Let k be a field of characteristic zero, let
X = (x;;) be a generic alternating 6 by 6 matrix over k (if we wish we may

set x5, = 0), let X be the matrix obtained from X by replacing X5 by _O,
and set R = k[[X]] (or k[X]). For 1 <i< j<6 let (—1)’““f,.j = (—1)’“fj.,.
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or (—1)i+j+]7l.j = (—1)i+j7ji be the 4 by 4 Pfaffian obtained from X or X
by deleting the ith and jth rows and columns. Now we consider the R-ideals

(5.1) 1=(f,~5,f,(,,f56|13i34)

and

(5.2) K =1, <x13 X14 Xis x16>+(715’716’725,7‘26)

X3 Xaq Xas Xy
X, X,y Xio X - = = .
-5 (i S ) UeTeTaisis .
Here I is simply the ideal generated by all 4 by 4 Pfaffians obtained from X
by deleting at least one of the last two rows and columns, and K is the ideal
generated by the maximal minors of the matrix consisting of the first two rows
of X and by the 4 by 4 Pfaffians of X which are obtained by deleting at least
one of the last two rows and columns.

We are now ready to list the main properties of the ideals / and K. To
verify these properties we invoke the results of chapters three and four and
perform computer computations using “Macaulay”.

Theorem 5.3. Let I and K be the ideals in (5.1) and (5.2).

(a) I is a perfect prime ideal of gradeS, d(I) = 4, r(R/I) =2, R/I is
normal, and I satisfies (CI;).

Moreover, I is generated by a d-sequence and every ideal in the linkage class
of I is strongly Cohen-Macaulay. However, I ®, Wgy has nontrivial R/I-
torsion, in particular, I is not strongly nonobstructed.

(b) K isa Gorenstein prime ideal of grade5, d(K) =5, and R/K is normal.

Moreover, K is strongly nonobstructed. However, K is not syzygetic, in par-
ticular, not strongly Cohen-Macaulay.

Proof. We may assume that R = Q[X] and x;, =0.

We first prove part (a). Consider the R-ideals I, = (f\4, [y > f36> Sag > f56) >
I, = (fi5, /355 S35 Jas» fs6) » and let F be the 6 by 6 Pfaffian of X. Then
I, and I, are Gorenstein ideals of grade 3 [4, 2.1] and hence I is strongly
nonobstructed [10, 3.3] and strongly Cohen-Macaulay [13, Example 2.2]. Using
the standard Pfaffian relations it is easy to see that there is a tight double link
I, ~ I, ~ I,, where in the notation of Definition 1.5, a; = F, a, = f,
B = fi, 0 = f5. Now obviously I = I, +I,, and since I contains the
regular sequence f ., fyq, 56> S35, fys, it follows that gradel > 5 = 3 + 2.
But then by Theorem 4.3, I is a perfect ideal of gradeS. Furthermore, a
computation with “Macaulay” shows that H (/) is Cohen-Macaulay. It is easy
to see that v(I) =9, and using the Jacobi criterion one readily checks that R/[
is (R,) and hence normal. Moreover, Remark 4.5 implies that r(R/I) = 2 and
that NCI(I) = NG(R/I). Thus to show that I satisfies (CI;), it suffices to
prove that codim NG(R/I) > 4. However, since r(R/I) = 2, we know that
NG(R/I)=V(H/I) where H is the ideal generated by the entries of the last
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map in a minimal free R-resolution of R/I. Using “Macaulay” one easily sees
that
—(x ll<i<i< X5 X5 Xss x45>
ol <i<j<H+h <x16 X26 X35 Xag)
and hence ht H = 9. Thus codim NG(R/I) = codim V(H/I) =

We now show that every ideal in the linkage class of I is strongly Cohen-
Macaulay. Since this property is preserved under even linkage [13, 1.12], it
suffices to prove that I and some ideal J directly linked to I are strongly
Cohen-Macaulay. Now I is a perfect prime ideal with d(I) = 4. Then it
follows from [15, 2.13, 2.14, 2.22], that I is strongly Cohen-Macaulay once we
know that H (I) is Cohen-Macaulay. But this we had seen earlier. Moreover,
d(J) <r(R/I)=2, and hence by [3], J is also strongly Cohen-Macaulay.

We know that d(I) =4 and I satisfies (CI;). Thus v(/,) <dimR, for all
p € V(I), and since moreover I is strongly Cohen-Macaulay, it follows from
[16, Theorem 2.4], that I is generated by a d-sequence.

It remains to show that I/ ®, w, /1 has nontrivial R/I-torsion. We do this by
using Corollary 3.10. Consider the link J = (e, ... ,a5) : I, where o, = f,
ay = fog = fsg» 3 = Fig— Jas» g = Sy + fos» a5 = fi5 + f35. We will prove
that grade(/ + J) > 6, that (I +J) ®, R/I + J is Cohen-Macaulay, but that
H/ (I + J) is not Cohen-Macaulay. We first show how our claim will follow
from this. Suppose that I®,w, /1 is R/I-torsion free. Since grade(/+J) > 6,
it follows that / and J are geometrically linked, and since / and J are
generically complete intersections and H, (/) and H,(J) are Cohen-Macaulay,
we know that I and J are syzygetic. But then Corollary 3.10 would imply
that I+ J is syzygetic, and therefore H,(/+J) would be a first syzygy module
of the Cohen-Macaulay module (I + J) ®, R/I + J (cf. the discussion at the
beginning of the third section). But this is impossible since H,(I + J) is not
Cohen-Macaulay.

Thus to complete the proof of part (a), we have to show that grade(/+J) > 6,
(I+J)®g R/I+J is Cohen-Macaulay, and H,(I/+J) is not Cohen-Macaulay.
To this end, let “”” denote reduction modulo the R-regular sequence x,, —X,s ,
Xygs Xags X35 — Xgg, X3 — X,5. We may identify R* with the polynomial ring
k[x,z,x|3,x15,x23,x24,x25,x34,x35,x45]. Now a'1 . ,a'5 still form an R’-
regular sequence, and hence by Lemma 1.9, J' = (a'l y ee ,a's) : I'. From the
homogeneous minimal resolution of R’ /1 ' and the mapping cone construction
in [28], it follows that (a'] y s ,a's) : I'/(a'l Y us ,a's) has two homogeneous
generators, one in degree 2 and one in degree 3. On the other hand one sees
from the relations on the generators of /' that the elements h, = x23 +x12x23

x24 and A —x225x34 are contained in (o, .. ) r. Modulo (a), ... ,as)
h, and h, minimally generate an ideal. Therefore J' (a 0‘5) I =
(a'1 ,...,05,h, b)), and hence I' +J' = (I', h, , h,). Now we have an explicit

homogeneous generating set of the ideal I' + J', and we are able to perform
computer computations using “Macaulay”. Then one easily checks that [/ v J
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has grade 6 and is generically a complete intersection. Thus by Lemma 1.10,
(R',I'+J') is a specialization of (R, I+J). In particular, /+J hasalso grade6
and is generically a complete intersection. Moreover, I + J is Gorenstein by
Proposition 1.3.

Write § = R/I+J . It remains to show that (/+J)®,S is Cohen-Macaulay,
whereas H (I + J) is not Cohen-Macaulay.

To this end let

—_— /
R =R [(X); = X34 = X35, X5 = Xy = X34, X3 = Xp5)
= K[Xp35 X945 Xp5 5 X345 X355 X451 5

let “~ ” denote images in R, and write S = R/T + J. Notice that T+ J =
(T,i_zl ,Zz) , providing us with an explicit homogeneous minimal generating set
of T+ J consisting of 11 elements. Using “Macaulay” one shows that /(S) =
25. In particular, gradeT +J = 6, and hence (R,I+ J) is a specialization
of (R,I+J). Since I+ J is generically a complete intersection of grade6,
it follows that the S-module (/ + J) ®, .S has a rank and that this rank is 6.
Then by [9, 1.1], or [26], (I +J)®,S is a Cohen-Macaulay module if and only
if

I+ J)®gS®¢S)=61(S).
On the other hand,
I((I+J)®, S®S) = I(R/T+7)) - I(S)
and the above equality becomes
IR/T+T))=11).
Now using “Macaulay” one checks that
IR/T+7))=175=17I().

Thus (I +J)®, S is Cohen-Macaulay.

Likewise, the first Koszul homology module of a minimal generating set of
I+J, H/(I+J),hasarank as an S-module, and this rank equals d(I+J) = 5.
Now H,(I + J) is Cohen-Macaulay if and only if

I(H(I+J)®sS)=51(S).

On the other hand, H (I +J)®,S = H,(I+J) by [15, 2.15], and therefore
the above equality becomes
I(HT+7)=518).

One can use “Macaulay” to compute the Hilbert series of B, (I + J), the module
of first boundaries in the Koszul complex of a homogeneous minimal generating
set of I+ J, and it follows that

I(H(I+J))=126>125=5 [(S).
Thus H,(I + J) is not Cohen-Macaulay. This finishes the proof of part (a).
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We now prove part (b). Consider the R-regular sequence fi¢, fs, fs6> f35>
fys in I, and the link L = (f¢, f3¢, f5> S35 f35) 1 I . As in the first part of the
proof, one easily computes that

L= (fig>f265S56> S35 Jas) + X34(X 15, X 5Xp6 = X6 Xp5) -

Then L ¢ I and since [ is prime by part (a), it follows that / and L are
geometrically linked, and hence 7+ L/I = w, /1 by Proposition 1.2(c). On the
other hand, since x,, ¢ I and [ is prime, there is an isomorphism of R/I-
modules I+L/I = (I,x,,X,5X,s—X,¢X,5)/1 , and thus the latter module is also
isomorphic to w, i1 Therefore (I,Xx,,,X,5X, — X,cX,5) 15 a Gorenstein ideal
of grade6. However, from the defining equations of / and K one sees that
(I,X5,X X6 — X 6X55) = (K, X,,), where x,, is a regular element on R/K .
Thus K is a Gorenstein ideal of grade 5. One easily sees that v(K) = 10, and
the Jacobi criterion implies that R/K is (R,) and hence normal.

To show that K is strongly nonobstructed, but not syzygetic we proceed as
in the proof of part (a). By ©  we denote reduction modulo the R-regular
SEQUENCe X p,X;3 — Xpu, Xy + Xjg = Xyg» Xpg + Xpg + X5 = X455 Xj5 — Xpgs
Xyy + Xgg + Xys5 X35, X3g — X5, Xgo. Then R = kx5, X, X5, X6, %3]
Write S = R/K and S = R/K . Using “Macaulay” one shows that /(S) = 12.
In particular, gradeK = 5 and hence (R,K) is a specialization of (R,K).
Since K is generically a complete intersection, it follows as in the proof of part
(a) that K ®, S is Cohen-Macaulay if and only if

I(K®,S®;S)=51(S),

which in turn is equivalent to / (ﬁ/fz) = 72. However, using “Macaulay”, we
compute the Hilbert series of ?/—152 as 145t+157+352 +16¢* . Thus indeed
/ (F/fz) =72,and K ®,S is Cohen-Macaulay. Since S is Gorenstein it now
follows that K is strongly nonobstructed. From the Hilbert series of R/K° we
also see that the dimension of the degree 4 part of K’ is 54. On the other
hand, all the generators of K’ sitin degree 4, and hence u(?z) = 54 . But then
v(K?) = 54 < 55 = v(S,(K)), and thus K cannot be syzygetic.
Now suppose that K is syzygetic. Then there is an exact sequence

10
0-H(K)—S —K®gS—0.

Since K ®, S is Cohen-Macaulay, tensoring this sequence by ®S§ yields an
exact sequence

O—»HI(K)®S§——>§10 —>—I€®'I€_S_—> 0
where by [15, 2.15], H(K)®,S = H,(K) . Then the natural map H (K) — 5"

is injective, and hence K is syzygetic, which is impossible by the above. O

In the proof of part (a) of the theorem, one could have replaced the link J
of I by the link L which was also used in the proof of part (b). However, the
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computer computations for the latter ideal turned out to be considerably more
complicated. On the other hand, if one would have only wanted to show that the
module I® wg /1 is not Cohen-Macaulay, one could have directly computed the
length of a zero-dimensional specialization of this module (instead of invoking
Corollary 3.10). This was done by W. Vasconcelos using “Macsyma,” and I

am

grateful for his help. I would like also to thank C. Huneke for his helpful

comments concerning the material of this paper.

REFERENCES

. A. Andreotti and P. Salmon, Annelli con unica decomponibilita in fattori primi ed un problema
di intersezioni complete, Monatsh. Math. 61 (1957), 97-142.

. R. Apéry, Sur les courbes de premiere espece de [’espace-a trois dimensions, C.R. Acad. Sci.
Paris 220 (1945), 271-272.

. L. Avramov and J. Herzog, The Koszul algebra of a codimension 2 embedding, Math. Z. 175
(1980), 249-260.

. D. Buchsbaum and D. Eisenbud, Algebra structures for finite free resolutions, and some structure
theorems for ideals of codimension 3, Amer. J. Math. 99 (1977), 447-485.

5. R.-O. Buchweitz, Contributions a la théorie des singularités, Thesis, Université Paris VII, 1981.

6. R.-O. Buchweitz and B. Ulrich, Homological properties which are invariant under linkage,

13.
14.

15.
16.
17.

18.
19.
20.

21.

22

preprint.

. D. Eisenbud, Some directions of recent progress in commutative algebra, Algebraic Geometry,
Arcata 1974, Proc. Sympos. Pure Math., vol. 29, Amer. Math. Soc., Providence, R.I., 1975,
pp. 111-128.

. F. Gaeta, Quelques progres récents dans la classification des variétés algébriques d’un espace
projective, Deuxieme Colloque de Géométrie Algébrique, Liege, 1952.

. 1. Herzog, Ein Cohen-Macaulay-Kriterium mit Anwendungen auf den Konormalenmodul und
den Differentialmodul, Math. Z. 163 (1978), 149-162.

. —, Deformationen von Cohen-Macaulay Algebren, J. Reine Angew. Math. 318 (1980), 83—
105.

. J. Herzog and M. Miller, Gorenstein ideals of deviation two, Comm. Algebra 13 (1985), 1977-
1990.

. J. Herzog and A. Simis and W. Vasconcelos, Koszul homology and blowing-up rings, Commu-
tative Algebra, Proc. Trento Conf., Eds. S. Greco and G. Valla, Lecture Notes in Pure and
Appl. Math., vol. 84, Dekker, New York, 1983, pp. 79-169.

C. Huneke, Linkage and Koszul homology of ideals, Amer. J. Math. 104 (1982), 1043-1062.

—, Strongly Cohen-Macaulay schemes and residual intersections, Trans. Amer. Math. Soc.
277 (1983), 739-763.

—, Numerical invariants of liaison classes, Invent. Math. 75 (1984), 301-325.
—, The Koszul homology of an ideal, Adv. in Math. 56 (1985), 295-318.

C. Huneke and B. Ulrich, Divisor class groups and deformations, Amer. J. Math. 107 (1985),
1265-1303.

—, The structure of linkage, Ann. of Math. 126 (1987), 277-334.
—, Algebraic linkage, Duke Math. J. 56 (1988), 415-429.

——, Minimal linkage and the Gorenstein locus of an ideal, Nagoya Math. J. 109 (1988),
159-167.

—, Residual intersections, J. Reine Angew. Math. 390 (1988), 1-20.
. E. Kunz, Almost complete intersections are not Gorenstein rings, J. Algebra 28 (1974), 111-115.



42

BERND ULRICH

23. A. Kustin and M. Miller, Deformation and linkage of Gorenstein algebras, Trans. Amer. Math.

Soc. 284 (1984), 501-533.

24. ___, Tight double linkage of Gorenstein algebras, J. Algebra 95 (1985), 384-317.
25. J. Lipman, Rings with discrete divisor class group: Theorem of Danilov-Samuel, Amer. J. Math.

101 (1979), 203-211.

26. D. G. Northcott, Lessons on rings, modules, and multiplicities, Cambridge Univ. Press, Lon-

don, 1968.

27. C. Peskine and L. Szpiro, Dimension projective finie et cohomologie locale, Publ. Math. IHES

42 (1973), 47-119.

28. —_, Liaison des variétés algébriques, Invent. Math. 26 (1974), 271-302.
29. J.-P. Serre, Sur les modules projectifs, Séminaire Dubreil, November 1960/61.
30. A. Simis and W. Vasconcelos, The syzygies of the conormal module, Amer. J. Math. 103 (1981),

203-224.

31. —, On the dimension and integrality of symmetric algebras, Math. Z. 177 (1981), 341-358.
32. B. Ulrich, Liaison and deformation, J. Pure Appl. Algebra 39 (1986), 165-175.
33. ., On licci ideals, Invariant Theory, Proc. of an AMS Special Session, Eds. R. Fossum,

W. Haboush, M. Hochster, and V. Lakshmibai, Contemp. Math., vol. 88, Amer. Math. Soc.,
Providence, R.1., 1989, pp. 85-94.

34. W. Vasconcelos, Koszul homology and the structure of low codimension Cohen-Macaulay ideals,

Trans. Amer. Math. Soc. 301 (1987), 591-613.

35. J. Watanabe, A4 note on Gorenstein rings of embedding codimension three, Nagoya Math. J. 50

(1973), 227-232.

DEPARTMENT OF MATHEMATICS, MICHIGAN STATE UNIVERSITY, EAST LANSING, MICHIGAN

48824



	0040003
	0040004
	0040005
	0040006
	0040007
	0040008
	0040009
	0040010
	0040011
	0040012
	0040013
	0040014
	0040015
	0040016
	0040017
	0040018
	0040019
	0040020
	0040021
	0040022
	0040023
	0040024
	0040025
	0040026
	0040027
	0040028
	0040029
	0040030
	0040031
	0040032
	0040033
	0040034
	0040035
	0040036
	0040037
	0040038
	0040039
	0040040
	0040041
	0040042
	0040043
	0040044

